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Introduction

Factorizatipnmralgebras are algebraic structures designed to model observables in classical and

son and Drinfeld on their work on conformal field theory under the name of chiral factorization
algebras [BDDO04]. Later using the language of co-categories a topological version of factoriza-
tion algebras [Lur09a, AF15, GTZ14], which is the one we will consider in this work. Between
the many models for observables in quantum field theories, factorization algebras have proven to
be particularly tseful;’ as—cambe seen from the seminal work by Costello and Gwilliams, where
they are a central object for a rigorous approach to perturbative renormalization of quantum
field theories [Cosl1, AF15].

Factorization algebras describe quantum field theories in similar way to (co)sheaves describe
manifoldslor schemes, namely they describe local assignments of the theory and allow to “glue”
these assignments via a local-to-global property. Motivated by the BV-BRST formalism [BV84,
ASZK97], it is most convenient to consider derived observables in a quantum field theory. Thus
it is standard to consider factorization algebras taking values in an oco-category, in the physics
literature the oco-category theory in consideration is usually the one arising from Ch(Vece)
and quasisomorphisms. In general, the structure of a factorization algebra on an arbitrary
oo-category is intractable. However the subclass of locally constant factorization algebras are
accessible objects that can be studied as algebras over an co-operad. To be precise, as algebras
over the oc-operad of little n-disks, known as E,-algebras. An E;-algebra is the same as an
A -algebra, that is, a homotopy associative algebra. On the other extreme E,-algebras are
homotopy commutative algebras. Meanwhile [E,-algebras are intermediate structures describing
higher levels of commutativity between Eq-algebras and E,.-algebras.

En—algebras‘nzl ‘1<n<oo ‘n:oo
Homotopy Intermediate Homotopy
Associative commutativity commutative

The structure theory of E,-algebras has been well studied in the case of Ch(Vecc) and Top,
for example, May’s recognition theorem characterizes (grouplike) E,-algebras on Top as n-fold
iterated loop spaces [May]. Meanwhile in the case of Ch(Vecc) there is extensive literature
sfudying the relationship between E,-algebras and higher Poisson structures (see for example
[Kel06] and references therein). However, beyond the cases of Ch(Vecc) and Top the structure
of E,-algebras on other co-categories has been hardly studied.

One first goal of the present thesis is to give a brief introduction to the theory of (oo, 1)-
categories and oo-operads and use this framework to study the structure of E,-algebras on weak
m-categories for m < 2. To be precise we study [E,-algebras in the bicategory of categories, and

the tricategﬁy of bicategories. The result and conjectures in this thesis can be summarized in
the Table 1.
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E;-algebras | Eq-algebras Es-algebras E4-algebras
Sets Monads Commutative | Commutative | Commutative
monads monads monads
Cat(,1) || Monoidal Braided Symmetric Symmetric
categories monoidal monoidal monoidal
categories categories categories
Gray s 1) || Monoidal Braided Sylleptic Symmetric
2-categories | monoidal monoidal monoidal
2-categories 2-categories 2-categories

Table 1: Summary of E,-algebras for weak m-categories for m < 2.

We remark that the fist two rows were already described in the literature, for example
[Lur09a] and [SJ93]. Meanwhile, the last row was known as a folk result without a rigorous
proof in the setting of (oo, 1)-categories.

Monoidal and braided monoidal categories are important objects in different areas of math-
ematics. For instance in representation theory, many categories of representations enjoy these
additional structures, for example Repgy(A) the category of finite dimensional representation of
an Hopf algebra is a monoidal category with the tensor product structure. Meanwhile inter-
esting non trivial examples of braided monoidal categories arise as the representation category
of quasitriangular Hopf algebras, in particular, quantum groups [Kas12]. Braided monoidal
categories are also important in topology since modular tensor categories, i.e. braided monoidal
categories with additional data and dualizability constraintsyare the puilding blocks for many
3d TQFTs like the Turaev-Viro TQFT (using spherical tensor categories) and the Reshetikhin-
Turaev (using modular tensor categories) [BDSPV15, KJB10, Tur92]. The role of braided
monoidal bicategories in topology and representation theory is expected to be analogous to the
roles of its lower dimensional analogues. From the representation theory side, many interesting
braided monoidal categories should arise either as 2-representations of Hopf 2-algebras [SD97],
or as 2-categorifications of the representations category of quasi-triangular Hopf algebras.
From the topology side, the rough expectation is that braided monoidal categories, together
with additienal-structure and dualizability constraints, can be used to construct extended 4d
TQFTs [BN96]. However, despite the mentioned motivation and expected roles of braided
monoidal bicategories in mathematics, explicit examples of them are still scarce in the literature.

The second goal of the present work is to lay the higher categorical foundations for the de-
velopment of explicit examples of [E,-algebras on bicategories. We expect that the 2-categories
arising from categorification in representation theory may be endowed with irteresting E,,-
algebra structures. Let us take a moment to explain the motivation: In [BFKO00] the tensor
product of the fundamental representations of U (slz) was categorified via (derived) projective
and Zuckerman functors on the category of maximal parabolics of O(st;). Later the introduction
of the graded version of maximal parabolic category O in [FKS07] generalized the construction
to the fundamental representations of Uy(sly) (for ¢ generic). Since the category generated by
tensor products of the natural representation of the quantum group Uy (slz) is braided monoidal,
in the light of the previous discussion, it could be hoped that the 2-category of graded maximal
parabolic categories, projective functors and natural transformations could be endowed with the
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structure of a [Eq-algebra. We will consider a simplification of this category in the following way:
Since a parabolic category is a finite abelian category, it can be realized as modules-over-an
associative algebra. Moreover, since projective functors are exact and preserve coproducts, then
Filenberg-Watts theorem implies that projective functors and isomorphism between them can be
presented by projective bimodules and bimodule isomorphisms. The work in [BS08, BS10, BS11]
shows that the algebras and bimodules in consideration are generalizations of Khovanov arc al-
gebras and geometric bimodules. Proceeding in an ad-hoc way we hope that both, the bicategory
of maximal parabolics and projective functors and the bicategory of geometric bimodules, are
possible examples of interesting E,-algebras on Bicat.

Structure of the Thesis

In the first chapter we motivate (0o, 1)-categories and introduce the main framework of quasic-
ategories, which is the model of (0o, 1)-categories that we will use as the backbone for the latter
chapters. Quasicategories are a model for (oo, 1)-categories based on simplicial sets, they are
precisely simplicial sets satisfying an inner horn lifting condition, and they naturally generalize
both categories _and topological spaces. We review the main properties of quasicategories and
generalizations-of the 'classical-definition in category theory to the framework on quasicategories.
This chapter does not contain anything new and most of its content may be found in the first
chapters of [Lur09b] or [Rez21]. Nevertheless, we opted to add it to this work in order to make it

as self-contained as possible. The reader comfortable with quasicategories may skip this chapter.

In the second chapter we describe the main examples of quasicategories for our work. We
review the definition of topological categories, bicategories and tricategories. In the case of
bicategories we describe the higher analogues of functors and natural transformations, namely:
pseudofunctors, pseudonatural transformations and modifications. Moreover, we present our
main example of a tricategory, the tricategory of all bicategories, pseudofunctors, pseudonatural
transformations and modifications. For each of the higher—categorigs—desqribed in this chapter
we present an associated nerve construction which, under appropriate conditions, will give an
example of a quasicategory. Using the results of [Dus02] and [Car15] we characterize precisely
the conditions on bicategories and tricategories required, in order that its nerves are quasicat-
egories. The important results of this section can be summarized in the following theorems:

Theorem 0.0.1. Let Cat(y 1) be the 2-category of categories, functors and invertible natural
transformations. Then the bicategory nerve (Caté’l) = Ny(Cat(y 1)) of Cat(y ) is a quasicat-
egory.

Theorem 0.0.2. Let Gray(s ;) be the 2-category of 2-categories, 2-functors, adjoint equival-
ences, and invertible modifications. Then the tricategory nerve Gray(s ;) := N3(Gray(sy)) of
Gray(?)yl) is a quasicategory.

In the third chapter we will fisitroducé the theory of co-operads as developed by Lurie, which
we call quasioperads [Lurl2, Lur09a]. In this chapter we take the opportunity to motivate,
from a physics perspective, the definition of factorization algebras and their natural description
as algebras over an operad. We introduce the basic theory of (strict) operads and algebras over
them. We present various examples of operads and their algebras. Based on the intuition of
strict operads, we motivate the definition of a quasioperad, symmetric monoidal quasicategories
and algebras over quasioperads. Moreover we introduce the Cartesian symmetric monoidal
quasicategory, which will allow to consider explicit examples of algebras over quasioperads.
Most of this chapter can be found in classical texts on operads [LV12Z; MSS02] and on Lurie’s
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treatment on oc-operads [Lur09b]. It serves mainly for motivation and to establish the frame-
work for chapter 4.

In the fourth chapter we review the main properties of [£,-algebras and give the main results
of this thesis. We begin by briefly sketching the equivalence between locally constant factoriza-
tion algebras and E,-algebras. Then we explain precisely how E,-algebras model intermediate
commutativity between homotopy associative algebras and homotopy commutative algebras.
Additionally we discuss the stabilization hypothesis, which states that an E,-algebra on a weak
(m, 1)-category is homotopy commutative for n > m. Later, building on the results of the pre-
vious chapters, we study the structure of E,-algebras on the symmetric monoidal quasicategory
of Cat(y,1) and give a detailed proofs for the following theorems:

Theorem 0.0.3. An E;-algebra in the symmetric monoidal quasicategory Caté 1 determines
and is determined by a monoidal category.

X

1) determines

Theorem 0.0.4. An Es-algebra in the symmetric monoidal quasicategory Cat
and is determined by a braided monoidal category.

Furthermore, using the same techniques we extend the result to characterize E;-algebras
and Ep-algebras in the symmetric monoidal quasicategory of Gray s ;). We also give some ideas
towards a characterization of Es-algebras. Explicitly, we give proofs for the following theorems
and work towards the subsequent conjecture:

X

3.1) determines

Theorem 0.0.5. An E -algebra in the symmetric monoidal quasicategory Gray
and is determined by a monoidal 2-category B.

X

3.1) determines

Theorem 0.0.6. An Es-algebra in the symmetric monoidal quasicategory Gray
and is determined by a braided monoidal 2-category B.

X

(3.1) determ-

Conjecture 0.0.7. An Egz-algebra in the symmetric monoidal quasicategory Gray
ines and is determined by a sylleptic monoidal 2-category B.

The fifth chapter is an outlook on examples of E,-algebras that appear in representation
theory. First, we consider the full subcategory Fund(U,(sl2)) of Repgq(Uq(slz)) generated by
tensor products of the fundamental representations of Ugy(slz) and describe its structure as a
braided monoidal category. This is a particular case of a general fact: the representation category
of a quasitriangular Hopf algebra is a braided monoidal category (see [DM82]). Then we will
present two 2-categories associated to the categorifications of tensor products of the fundamental
representation of Ey(sly): first, a 2-category build from singular blocks of O(sl,,) and projective
functors (see [BFK00});—sécond the 2-category of graded Geometric bimodules over Khovanov
arc algebras (see [BS11]). From the categorification intuition and the fact Fund(Ug,(slz)) is a
[Es-algebra in Cat, we hope that these two 2-categories can be endowed with the structure of
E,-algebras on Gray. The construction of E,-algebras structures on the previous 2-categories
will be postponed to a subsequent work.



Chapter 1

The Idea behind (oo, 1)-Categories
and Quasicategories

Since its introduction in the 1940s, category theory has proven to be an essential unifying
framework in mathematics allowing to identify the essential structures in mathematics. How-
ever, in the presence of homotopy or weak equivalences, the traditional concepts of category
theory sometimes fail to describe natural constructions from these contexts. Higher category
theory is an alternative to describe these constructions by considering higher morphisms.
Intuitively an n-category is like a category, but instead of having hom-sets between objects,
it has homs between any two objects given by (n — 1)-categories, together with compositions,
given by (n — 1)-category maps, and distinguished identity objects. However, in practice, for
example when considering bicategories, one may encounter that the mentioned composition
and identities do not need to be associative, or satisfy the unit identities, on the nose. Instead
they satisfy such features up to a (n+1)-morphism, which also satisfy some coherent conditions,
again up to higher morphisms. Due to the increasing complexity of the coherence conditions, it
is unfeasible-to—give a explicit description of all the higher coherence conditions. For example,
the coherence conditions of a 3-category or a 4-category are already quite complicated, see for
example [Tri06].

Although n-categories in general might be unwieldy it turns out that by restricting to n-
morphisms that are invertible, up to higher morphisms, the situation becomes more tractable.
An n-category in which all j-morphisms for j > k + 1 are invertible is called a (n, k)-category.
Here we use the adjective invertible in the weak sense: a j-morphism f : x — y is invertible if
it has an inverse g : y — « for which

fogjid,, and go f=;idy,

where hq 22; ho means hy, hy are isomorphic via an invertible (j + 1)-morphism. Notice that for
j = n, due to the lack of higher morphisms, one does require the equalities

fog=1idy, and gof=id,.

The upshot of considering (n, k)-categories is that there is a convenient model for the case of
(00, 0)-categories. Intuitively, a topological space X models a (0o, 0)-category in the following
way: one may consider the points in X as objects, then morphisms between objects are
given by paths in X, while higher morphisms are given by homotopies of paths, homotopies
between homotopies, and so on. Notice that necessarily all the morphisms are invertible since
reparametrising one may obtain the inverse path and the inverse higher homotopies. Actually,
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the homotopy hypothesis claims that topological spaces should model (oo, 0)-categories.

Thus the start point for a model for (oo, 1)-categories is the existence of a (oo, 0)-category of
morphisms between any two objects, i.e., there is a topological space of morphisms between any
two objects together with identity morphisms and composition laws, which are required to be
associative and unital up to homotopy. Moreover any model for a (0o, 1)-category should allow
for the basic constructions of category theory such as functors, limits and adjoints, within the
context of weak equivalence/homotopy. Therefore from the previous discussion we can expect
the following properties as features of any model for (oo, 1)-categories:

e a set or collection of objects in the (0o, 1)-category C,
e for any two objects z,y € C a (00, 0)-category of morphisms, or morphism space C(z,y),

e a homotopy category hC, which is an ordinary category with the same object as C and
whose morphisms correspond to equivalences of 1-morphisms modulo higher morphisms,

e constructions from usual category theory such as functors, (co)limits, adjuntions and mon-
oidal structures.

In this chapter, following [Lur09a, Rez21] we will describe a model for (oo, 1)-categories
known in the literature as quasicategories. Quasicategories provide a combinatorial model
for (oo, 1)-categories based on the theory of simplicial sets. The idea to use simplicial sets
as the framework to develop a model of (0o, 1)-categories can be motivated by the fact that
both topological spaces and ordinary categories are embedded hs full subcategories of the
category of simplicial sets. Quasicategories have been probably the most developed model for
(00, 1)-categories with important contributors such as Joyal [Joy02], Lurie [Lur09b], etc. and
one of its big advantages is that most constructions can peTealized as particular instances of
the well developed theory of simplicial sets. We will mostly follow the notation and discussion
about simplicial sets and quasicategories as found in [Rez21].

1.1 Basics of Simplicial Sets

To define quasi-categories, we first introduce some basic notions and notation of the theory of
simplicial sets.

Definition 1.1.1. The simplicial indexing category A is the category with objects linearly
ordered sets [n] = {0 < .-+ < n} and morphism (non-strict) increasing maps. Morphisms
a:[n] — [m] in A are also called simplicial operators.

A simplicial operator « : [n] — [m] is characterized by the tuple of its image and we will
represent them by

a={ay, - ,ay):[n] = [m], where «a; := (i) for ¢ € [n].
For example «« = (001) : [2] — [1] is the map

0—0, 1—0, 2—1.



It is a fact (see [Fril2, Definition 3.2]) that any simplicial operator can be written as a compos-
ition of distinguished simplicial operators known as face and degeneracy operators:

di :={0,...,0,-,n):[n—1] = [n]

$i:=(0, ... 040,---,n): [n+1] —=[n], O
satisfying the simplicial identities s; 0 s; = s;_10s; if i < j, djodj =djod;—1 if i > j and

diOSj,1 if 4 <j,
sjod; = ¢ id ifie{j,j+1},
di—IOSj ifi>j+1.

Definition 1.1.2. A simplicial set is a functor C : A°? — Set. Explicitly this is given by the
image of the objects C,, := C[n], which we call n-simplices, and the image of the simplicial
operators Ca : C, — Cy, for « : [m] — [n] which, abusing notation, we also call simplicial
operators.

Since morphism in A generated by faces and degeneracies, then one may define a simplicial
set by the assignments C, and the image of the faces and degeneracies Cd; and C0;. It is typical
to consider the simplicial operators as acting on the right on the sets C), (since a simplicial set
is a contravariant functor) and write

co:=Ca(c) for a:[n] = [m| and c € Cp,

with this notation we can summarize the condition of C being a functor as (ca)f = c¢(af) and
¢ (id) = ¢. Moreover adding to the introduced notation of simplicial operators we introduce the
shorthand

Cart,oan = ClQ1, - ).

For example, for ¢ € Cy we denote cog € C; the image of ¢ under the simplicial operator (00).

Definition 1.1.3. A homorphism or map between simplicial sets X,Y is a natural trans-
formation, i.e. an assignment 7, : X,, — Y,, for every n compatible with the simplicial operators
on X and Y. The set of homorphisms between two simplicial sets is denoted Homgget (X, Y).
Simplicial sets together with their homorphisms form a category denoted sSets.

Example 1.1.4. The standard n-simplex A" is the simplicial set represented by the object
[n], i.e.
A" := Homa (—, [n]).

By the Yoneda lemma it holds

Homsset(An,X) 2 X, e f(idAn).



By the virtue of their (co)representability we can give some pictures of the standard simplices
by a picture of the category [n]. For example for low n these look like:

AY Al A? A3
(1) (1)
. <o1>/ <01>/ | \5‘13>
(0) (0) — (1)  (0) (12 (0) —(©03)— (3)

<02>‘ (2) <02>‘ é> /<23>

By the Yoneda embedding the (n) represent the O-simplices of A™ and the arrows (ij) represent
1-simplices. For aesthetic reasons we do not explicitly draw the higher simplices, but these
should be considered as fillings of the above images in the right dimensions. These pictures
become more relevant if one considers their geometric counterpart. For each of the pictures
above one can consider the topological standard simplices

n
A" = {(20,. .., 2n) ER™ [ Y =1, 0<a; <1},
=0

which actually looks like "fillings” of the above pictures. Thus |A?| is a point, |Al] is a line,
|A?] is a filled triangle, |A3| a filled tetrahedron, etc.

Example 1.1.5. The n-boundary of A™ is the subsimplicial set (i.e. the subfunctor) dA™ C
A" defined by

oA"= | J APV caAn

i=1,....,n

where AP\ denotes the simplicial set corepresented by the ordered set [n] \ i.
The i-horn of A" is the subsimplicial set defined by JA™ minus the i-th face, that is

AP =AMV cam,
J#i

If 0 <7 < n then we call A? an inner horn. Just as in the case of simplices one can visualize
horns. For instance, in the case n = 2, the horns look like

(1) {1 {1

<o1>/ <o1>/ \§‘12> \5‘12>
(0) ) (2) (0) (2) (0) oz (2)

Again here the topological picture is useful, for example, in the case n = 3 the horn A? actually
looks like a real life horn, a hollow tetrahedron without one face.



Being a category of functors, limits and colimits in sSets are computed pointwise. Thus for
instance the Cartesian product of simplicial sets X and Y is the simplicial set X x Y with

(X xY),:=X,xY,, and (z,y)axp= (za,yb).

We will use the same notation used as in Sets to refer to (co)limits such as products, coproducts,
pullbacks, pushouts, etc. Simplicial sets can be further endowed with a closed category structure,
i.e. there exist an enrichment over itself satisfying appropriate adjuntion properties. To be
precise given simplicial sets X and Y, we construct a hom-simplicial set which on objects is
given by

sSets(X,Y),, := sSets(A" x X,Y),

and the simplicial operators are induced from simplicial operators in A. Note that the 0-
simplicies in the enriched hom-simplicial set correspond to the morphism sets in the original
category.

Lemma 1.1.6. The enrichment satisfies the adjunction properties
sSets(X x Y, Z) = sSets(X,sSets(Y, 7)),

and
sSets(X x Y, Z) = sSets(X, sSets(Y, 7)),

where this last-omeis understood as an isomorphism of simplicial sets

Proof. See [Rez21, Propositio 13.4]. O

1.2 Quasicategories: Definition and First Properties

Definition 1.2.1. A quasicategory is a simplicial set C which satisfies the inner horn extension
property, i.e. for each 0 < ¢ < n and every map of simplicial sets f : A} — C

A?LC
a

ATL
there exist a morphism a dotted arrow making the diagram commutative.

Before discussing the properties of quasicategories we present one of the motivating examples
for the theory: The quasicategory coming from a category.

Definition 1.2.2. Let C be a small category. The nerve of a category N(C) is the simplicial
set given by the set of n-composable morphisms. That is, if we denote by Cy, Cy the objects
and morphisms in C, respectively, and s(f),t(f) the source and target of a morphism f then

(NC)n = { (91, sgn) € (C1)*"| t(gi-1) = 5(9:)) }
=C1 X & Xyt Xy C (n times),



where the pullbacks above are considered over the morphism s,¢. The simplicial operators are
generated by the face and degeneracy maps

Si: (NC)n - (Nc)n+17 (917 cee 7g’ﬂ)8i = (gla cee agiflyidagia ce 7g’ﬂ)a

(917"'ag’ﬂ>d1 = (927-”7971)’
di:(NC)n%(NC)N*la (gla"'agn)di:(917"'7gigi+17gn) fOTl<i<7’L,
(91, gn)dn = (g1, -+, gn-1)-

Example 1.2.3. We will give an example to enlighten the meaning of the inner horn lifting
condition. Consider the category @ with 4 objects {1,2,3,4} and one morphism ¢ — j when
i<j

o) — 0] — 0y —> 03,

Let first consider the lifting condition for inner 2-horns. A general map of simplicials sets
f:A? = N(Q) looks like

o~ " NG - ? . |
0) o) -

where 7 < j < k. A lifting of the inner horn is given by the composable sequence o; — o; — o
Notice that lifting to the horn and the restricting to the the edge (0) — (2) determines the
composition e; — e in (). Thus we may regard the lifting a inner 2-horn as specifying the
composition in our category Q.

Lets now showcase the necessity to restrict ourselves to inner horns. Consider the image the
map Py : A3 — N(Q) given by

(1) °
“y > / 1
(0) — (2) 075 %

A lifting of Py to a map P : A? — N(Q) would imply the existence of a map e; — e,
which does not exist. As we will see, the lifting property for inner horns will be related to the
existence of inverses up to homotopy.

At last, we will consider the maps the lifting condition of 3-horns. Consider a map of
simplicial sets f; : Af — N(Q), the image of such ap is characterized by the images of the
faces AP\ opposite to the vertex (i) (Figure 1.1). Note that the images of the faces ABNO
and AP\ are the only collection of composable paths that do not skip a vertex. Thus for an
inner horn (which contains both ABNO and ABN3 a9 faces) any path that skips a vertex is the
composition of adjacent paths (paths of lenght 1). To define a lifting out of an inner horn A3\[]
to A% is the same as giving a collection of 3 composable paths extending the image of the inner
horn.



(13) (03)
ABMOY . o o e 3o ABN1} . e

(13 ® 2d) R
©2)
(03)
(02)
ABMZ . oS5 e o e B3 e %
(of) =~ A : o e e *
- oh * (1)

Figure 1.1: Images of the faces AP\ on the category Q. A Horn A7 is the union of 3 of these
diagrams (omitting the face AP,

In the case of an inner horn, since every morphism is the composition of adjacent paths, we
can give a lift of the horn by the following composable sequence of paths

(01) (12) (23)
° ° ° °

Note that the argument does not work if we try lo lift an outer horn. For example for the
outer horn A} there is not a witness that (12) and (23) are composable paths (since such a
witness exist just in APIMO which is not a face in A3).

We can use the intuition of the above example to prove that the nerve of a category is indeed
a quasicategory.

Theorem 1.2.4. Let C be a small category. Then the nerve N C(@of C is a quasicategory.

Proof. We want to see than any inner horn map P : A} — N(C) extends to a map P : A" —
N(C). As a visualisation aid consider explicitly the Figure 1.1. Restricting to the each of the
1-simplices of the horn A%*! we obtain paths p; : v; — v; which can be organized into n

composable paths
Po,1 P12 Pn—2,n—1 Pn—1,n
Vo U1 T Un Un+1,

By the Yoneda lemma this can be seen as a map P : A" — N(C), which we claim is an
extension of the inner horn.

Indeed, the restriction to the n — 1 dimensional faces A"\ of P, which we will denote
P;, are determined by (n — 2)-composable maps on the n — 1 vertices {v;}o<i+j<n. Any such
collection of composable paths are either paths between adjacent vertices v; — v;+1 or are paths
skipping a vertex v; — v; + 2. We are essentially in the same picture as in the example 1.2.2,
that is, these paths are either a path of adjacent edges v; LN vi41 or they are determined by
the restriction of Py, to the 2-simplex A% T14+2 In tter case, since the horn A} was taken
to be inner, the same argument as in example 1.2.2 implies it must be the composition of the
paths v; LN Vit1 LALN vi+2. We realize that in both cases the paths in question agree with the
restriction of P, thus the proposed lifting indeed extends the inner horn. O

Objects, Morphisms and Homotopies in Quasicategories

For a quasicategory C we may think of the O-simplices as objects and 1-simplices as morphisms.
To be precise for x,y € Cyp we will think of the set

home(z,y) ={f €Ci | fo==, f1 =y},
7
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as the set of morphisms from z to y in C. We will denote by id, the element zgg € home(x, x)
and regard it as the identity on z. Given f € home(z,y) and home(y, z) a composite of f, g is
a h € home(z, 2) such that there exist a 2-simplex a € Co with

f/z\g
/N

r——h— 2

a1 =f, ai2=g, apx=nh, pictorially

The defining property of quasicategories assures composites always exist, since the pair (f, g)
defines an inner horn which can be filled. However composites are not unique since there may
exist many different horn fillings. Nevertheless, as we will see, all composites are homotopic in
a precise sense.

Definition 1.2.5. Let C be a quasicategory. We say that 1-simplices f,g € home(z,y) are
homotopic, and denote it by f ~ g, if there exist a a € Co such that ag1 = idy, agz =
f, ai2 = g or there exist b € Cy such that by; = id,, bpo = f, bia = g; pictorially

:\C\f\) /9/3\/

idy a)y ) X b idy

v 9 ~r )
~

Furthermore, we say a 1-simplex f : z — y is an equivalence if there exist another 1-simplex
g :y — x such that gf ~ id, and fg ~ idy.

Proposition 1.2.6. Homotopy is an equivalence relation on home(z, y)

Proof. Reflexiveness is exhibited by the degenerate simplex fyg1 € Co

L f
id,{ f()%} Yy
e f

On the other hand assume f ~ g and g ~ h are exhibited by 2-simplices a,b € C5 respectively.
Consider the following diagrams

T T Ty
N AN
idy a\ / idz  goo1
N QN
id; 000 -9y f a T =9y
\ S LT
ide b 9 9011/
s h « id
r —— Yy ——

which are actually inner horns in A2. Therefore, by definition of a quasicategory, there exists
a filling of the diagrams; transitivity and symmetry are exhibited by the opposite faces of
fillings. 0



Definition 1.2.7. The homotopy category hC of a quasicategory is the category with objects
(hC)p := Cp and homorphism sets given by

hC(z,y) = home(z,y)/ ~ .

The composition is defined by [f] o [g] = [h], for h a composite of (f, g), and identity morphisms
idy € hC(z,x) are given by the classes of zq.

We need to still prove composition is well defined, that it does not depend on the chosen
composite, and that it is strictly associative and identities behave strictly as units. This is the
content of the following proposition.

Proposition 1.2.8.

1. Let f ~ f’, g ~ ¢ and let h be a composite of (g, f) and k' be a composite of (f’, ¢’), then
h ~ h'. Therefore composition in hC is well defined.

2. Let f:x — y, then [f] o [id,] = [f] = [idz] o [f].
3. Let f:x—y,g:y— zand h:z— 2 then [(fog)oh]:g'goh)].
Proof. The proof is very similar to the proof of Proposition 1.2.6 and will be omitted. O

To finish this section we record some basic facts on how to construct new quasicategories
from old ones.

Proposition 1.2.9.
1. Let C and C’ be quasicategories, then the simplicial set C x C’ is a quasicategory.

2. Let C be a quasicategory and K a simplicial set, then the simplicial sSets(K,C) is a
quasicategory.

Proof. Property 1 is immediate from the definition. For a proof of 2 see [Rez21, Sections 19
and 20]. O

Kan complexes and Mapping Spaces

From our introductory motivation, for a given (oo, 1)-category one expects that there exists an
(00, 0)-category of morphisms between any given two objects, which according to the homotopy
hypothesis should be modeled by a topological space. In this section we make this idea precise
by introducing a the quasicategory counterpart of topological spaces, namely Kan complexes.
We sketch their relationship with topological spaces, and briefly discuss why they can be con-
sidered as combinatorial models for (oo, 0)-categories. Moreover for any two 0-simplices in a
quasicategory we construct a Kan complex of morphisms between them.

Definition 1.2.10. A Kan complex is a simplicial set which has the extension property with
respect to all horns A7 for 0 <4 < n. We denote the full subcategory of sSet of Kan complexes
by Kan.

The comparison between Kan complexes and topological spaces is based on the pair of adjoint

functors
Sing
Top T 7 sSets,
||
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here Sing is the simplicial chains functor and | — | the geometric realization functor. Each of
these categories has a notion of weak equivalence, on Top a map is a weak equivalence if it induces
an isomorphism on all homotopy groups, while on sSets a morphism is a weak equivalence if
the geometric realization of such morphism is a weak equivalence in the topological sense. We
will denote the sets of weak equivalences in Top and sSets by Wrop and Wsset, respectively. It
turns out that the localizations are given by the full subcategories of CW complexes and Kan
complexes in the respective cases

Top[WT_Olp] = Topow s sSet[Wg.] = Kan.

Moreover after localizing, the adjoint pair | — | - Sing induces an equivalence of categories
Topcyy = Kan. Thus we can conclude that, up to weak equivalence, topological spaces and Kan
complexes model the same objects. Although giving a proof of this result is out of the aim of
this work, we can nevertheless give a first proposition on this direction.

Proposition 1.2.11. Let X be a topological space and K a simplicial set. The simplicial set
Sing(X) is a Kan complex.

Proof. By the adjunction between |- | and Sing we have that the following are equivalent lifting
problems

f
AT -, Sing(X) |A?|top *i X
L rof rof
An A,

From the description of A? as a colimit (a union) over AP the faces of A", which are
isomorphic to A”~! and the fact that geometric realization preserves colimits (its a left adjoint)
we see
|AT |top = U(A")j ={z € |A"|top | x; =0 for some i # j}.
J#i

There is continuous retraction for any horn 7 : [A" |40, — [AT|t0p, thus to give a lift

/
|A?|top . X

( j of

A”

|top

it is enough to compose with the given retraction. O

Remark 1.2.12. For the reader who is familiar with the language of model categories we can
make a more precise $tatemént (for the reader that is not familiar, but interested, in model cat-
egories we refer to [Hov07]). There are model structures on sSet (referred to as the Kan model
structure) and Top in which the weak equivalences are described in the previous paragraph
(see [Qui06]). The fibrant objects in the above models are Kan complexes and CW complexes,
respectively. The pairs | — | 4 Sing give a Quillen adjoint pair, thus they establish an equivalence
between these model structures. The statements about localization is then a consequence of the
general theory of model categories.

Back to our philosophy of (0o, 1)-categories one expects, by definition, that a (oo, 1)-category
in which all 1-morphisms are invertible is a (0o, 0)-category. The following proposition shows
exactly this in the framework of quasicategories.

10



Proposition 1.2.13. A simplicial set is a quasigroupoid, that is, C is a quasicategory such that
hC is a groupoid, if and only if it is a Kan complex.

Proof. Assume first that C is a quasigroupoid and we would like to show C is a Kan complex.
Since C is a quasicategory we only need to show that the horn extension property holds for the
horns Aj and A}}. Let p : Aj — C and maps of simplicial sets

PlA{0,1}

PN LD gV A 9o}

A" —— %

since any morphism in C is an isomorphism, the Joyal lifting theorem ([Rez21, Theorem
32.17]) implies the horn extension property for Afj. An analogous argument shows the extension
property also holds for Af.

For the converse, note that clearly a Kan complex is a quasicategory. We will now prove hC
is a groupoid. For this let [f] € hC be represented by a f € Cy, consider (not inner) horn

y.
/
f a 9
/
x idy —> 2

Since C is a Kan complex there is 2-simplex filling the horn. The homotopy class [g] of opposite
face to the horn g is a left inverse for [f], likewise one can find a right inverse [h]. Since hC is a
category, both inverses agree, and we conclude every morphism in C has an inverse. O

Now we are in the position to introduce the mapping space between a pair of objects (0-
simplices) in a quasicategory.
Definition 1.2.14. For a quasicategory C and objects x,y € Cy the hom-space C(z,y) is the
simplicial set defined by the pullback square

Cla,y) —— Sets(AL,C)

|

AY Y Sets(DAL,0) 2 C x C,

here the right vertical morphism is induced by the inclusion 9A! < A'! and the isomorphism on
the bottom right corner is induced by the isomorphism dA! =2 AT A%, One may extend the
definition to describe n-multi hom spaces C(z1, ..., x,) for any set of n objects z1, ...z, € Cp.
For this we define the quasicategory C(x1,...,x,) to be the pullback

Clxi,...,zn) — Sets(A™,C)

| |

AO (I’y) Cn7
11



The terminology of hom space is justified by fact that the simplicial set C(z,y) is a Kan
complex.

Theorem 1.2.15. For any two 0-simplices in a quasicategory C. The simplicial set C(x,y) is a
Kan complex.

Proof. See [Rez21, Proposition 43.2]. O

The Fundamental Theorem

Havingintroduced mapping spaces between objects we can discuss the quasicategorical analogue
of the well-known theorem in category theory: “A funtor C' — D between categories is an
equivalence of categories if and only if it is fully faithfull and essentially surjective”. Following
[Rez21] we will call this the fundamental theorem of quasicategories. For this let us first introduce
the necessary definitions for quasicategories.

Definition 1.2.16. Let C and D be quasicategories, and let ' : C — D be a map of simplicial
sets.

1. Fis a categorical equivalence, or just equivalence, if there exist another simplicial set map
G : D — C such that Go F' ~ id¢ and F o G ~ idp, where the homotopy is considered in the
quasicategory sSets(F, G) and sSets(G, F') respectively.

2. F is fully faithfull if for every pair z,y € Cy the map C(x,y) — C(Fz, Fy), induced from
the universal property of the pullback, is an equivalence of Kan complexes.

3. F is essentially surjective if for every y € Dy there exist an z € Cy and an equivalence
Fzx~y.

Theorem 1.2.17. Let C and D be quasicategories, and let F' : C — D be a map of simplicial sets.
Then F is a categorical equivalence if and only if it is fully faithfull and essentially surjective.

Proof. See [Rez21, Section 44]. O

As expected from a hom-space we can define a composition and units on these simplicial
sets. Before introducing composition, lets introduce some notation.

Definition 1.2.18.

1. The n-spine " of the n-simplex A" is the subsimplicial set defined by
(") == { (ag, -~ ,ax) € (A")x | ar < ao+1}.

That is, simplex in the n-spine is a simplicial operator of the form (j,4,...,7+1,...,7+1)
where j + 1 # n (it may happen j+1 does not appear at all).

2. If 0 < i < j < n, let AU} be the subsimplicial set of A™ isomorphic to A! with 0-simplices
(1) and (j).

These subsimplicial sets can be given a picture, for example the spine in A" is the graph of
the longest path between and (n), while A0} g the graph of the shortest path between
(0) and (n) (see Figure 1. an example in A3).

12



I3 . A{Ov?’} :

Figure 1.2: A picture of I® and A{%3} inside A3.

Let z1,...,x, be O-simplices of C. To define an n-composition we will consider the inclusion
I ¢ A" and A9} ¢ A™ which induce maps

sSets(I", C) + sSets(A™, C') — sSets(ALO™ ©).

By taking the pullback over the point A°, via the map (z1,...,2,) : A% — C" the above induce
maps of Kan complexes

C(z1,22) X -+ X C(xp_1,70) < C(21,...,25) = Cx1, 7).

Although the first map is in the wrong direction it turns out that it is an equivalence of quasic-
ategories, thus we may choose a weak inverse ¢q : C(x1,x2) X -+ X C(Zp—1,2n) = C(z1,...,Zyn).
Thus, up to choosing a weak inverse, there is a composition map

C(x1,m2) X ++ X C(xp—1,2Tn) = C(x1, Tpn).

The composition is not strictly associative and depends on the weak invergse—gwever, any
other choice of inverse induces a homotopy equivalent multiplication, and the compositions
(fog)oh~ fo(goh) are homotopic as maps of Kan complexes. (see [Rez21, Part 7]).

Remark 1.2.19. There are many other models for hom spaces between objects, for example
in [Lur09b] Lurie introduced a hom that is strictly associative. These strictly associative
hom spaces are fundamental in th parison of quasicategories and simplicially enriched
categories Catggets (see Definition 2.1.1). In brief, this comparison states that these two theories
are equivalent models for (0o, 1)-categories. Again, for the reader familiar with model categories
we can be more precise: there are model structures in sSets and Catgsets, called the Joyal
and Bergner model structures respectively, together with a Quillen equivalence between them.
Fibrant objects in these model structures are quasicategories and Kan simplicially enriched
categories, respectively. See [DS11] for a in depth discussion about mapping spaces and how they
are related, and [Ber07] about the equivalence between different models for (oo, 1)-categories.

1.3 Further Quasicategory Theory

In this section we introduce generalisations of usual concepts in categories theory to the frame-
work of quasicategories, that will be used in later chapters. For example, we define subcategories,
(co)limits, localization and-fibrations.—Each of these concepts can be easily found in the liter-

ature ( for example in [Lur09b, RezZ1]J, nevertheless we consider stating them in this section
convenient.
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Subcategories of Quasicategories

In category theory one may consider the smallest subcategory having a certain set of objects, this
is given by the notion of full subcategory. We want to define a similar notion for quasicategories.
For this we begin by noticing that for any quasicategory C there is a map of simplicial sets

n:C — N(hC),
defined on 0-simplices by the identity and on 1-simplices maps f — [f]. For general n-simplices
the map sends « € C,, to the unique sequence (fi,..., f,) of composable morphisms such that
fi = loi-1].

Definition 1.3.1. Let C be a quasicategory and C° C Cy be a a subset of its objects. Let
hC® C hC be the full subcategory of hC spanned by the objects C°. Define the simplicial set C’
as the pullback

¢ —¢C

| |

N(hC)' —— N(hC).

Notice that by the universal property of the pullback C’ is a quasicategory. We call C’ the
subquasicategory of C spanned by C°.

It is not hard to see that the simplices of the quasicategory C’ corresponds to those simplices
of C whose vertices lie in C°.
Localizations of Quasicategories

In category theory, the idea of the localization of a category C' by some class W of its morphism
is to consider a new category C[W '] where all the morphism in S have inverses. To be precise
the localization of a category C' on some class W1 is a map C — C[W 1] with the following
universal property: given another category C’ and a functor C' — D sending each morphism in
W to an isomorphism, then there exist a unique map

C —

R
-
-
-
-
-
-

Clw—1

Lets consider the quasicategorical analogue of such property. First, for a quasicategory C
and simplicieal sets K and an inclusion of simplicial sets W C K, denote MWBO(K ,C) the
full quasicategory spanned by those simplicial maps K — C that map every 1-simplex in K to
an equivalence in C. We state the definition of a localisation on quasicategories.

Definition 1.3.2. Let C be a quasicategory and W C C a subsimplicial set. A localization of
C with respect to W is a pair of a quasicategory C[W 1] and a map [ : C — C[W~!] with the
following properties:

1. The map L : C — C[W 1] sends 1-simplices in W C C to equivalences in C[W ~1].
2. For any quasicategory C’ the map induced by precomposition with L,
L : sSets(C[W™1],C") — sSets™= (C, "),

14



is an equivalence of categories.

We are abusing notation since C[W 1] and L are not unique, nevertheless they are determined
up to homotopy. For a proof for the existence, given by a concrete construction, and uniqueness
up to homotopy of localisations see [Rez21, Section 53]. The notion of localization of a quasic-
ategory will be useful when considering the equivalence between locally constant factorization
algebras and E,-algebras.

Limits and Colimits of Quasicategories

To discuss the notion of (co)limit in quasicategories it is useful to reformulate some of the
definitions used in category theory in a way that can be generalized to arbitrary simplicial sets.
Let  be an object and F' a functor, then a cone from z to F' is a family of morphisms

’([))(:LL‘—>F(X),

that appropriately commutes with the images of morphisms under F. Cones to F' form a
category, and from the definition, it follows easily that the universal property of (co)limits can
be rephrased as being a terminal (resp. initial) object in the category of cones. We will now
present the generalization of the above picture in quasicategories.

Definition 1.3.3.

1. Let X and Y be simplicial sets. The join X *Y of X and Y is the simplicial set with

X+Y)ui= J] X x Xns,

[n]=[n1]U[no]

where [p]LI[q] denotes the ordered disjoint union and X_; = A® = Y_;. The simplicial sets
A% % X (and X x A®) look like the convez hulls between a simplicial set and an additional
vertex, and are the generalization of cones to simplicial sets.

2. Let p: S — X and ¢: T'— Y be simplicial set maps. The slice categories X, under p,
and X, over g are respectively

(Xp/)n = sSetsg/(Sx A", X), and (X,g)n = sSetsp/ (A"« T, X),

where sSetsy, denotes the category over T': the objects are maps of simplicial sets T' — K
and the morphism are K — K’ making the obvious diagram commute.

We may extend the definition of the join of simplicial sets to functors
Sx — :sSets — sSetsg/, and — %S :sSets — sSetsy,

by sending a map of simplicial sets f : X — Y to the map of simplicial sets X xS — Y x S
determined on each n-simplex by the coproduct of the maps id x f; for ¢ < n. Similarly, we may
extend the construction of the slices to functors

(p:S— X)) X, :sSetsg; — sSets, and (q:7 — X)— X/, :sSetsp, — sSets,

by sending f : X — Y to the map of simplicial sets X}, — Y, determined by postcomposition.

15



Proposition 1.3.4. The following are adjoint pairs.

Sx— —*S
sSets T " sSetsg, , sSets T " sSetsg, .
‘p/ /a
Proof. See [Rez21, Section 27]. O

Definition 1.3.5. Let C be a quasicategory. An initial object, respectively a terminal object
of C is an x € Cy such that every f : JA™ — C with n > 1 satisfying f|r10y = x, respectively
flatmy = ), there exists a lift A” — C making the following diagrams commute

x xT

20 7, oar 3¢ NS
X . T
l s respectively l o
Am A

Proposition 1.3.6. Let C'™t and C*™ be the full subquasicategories spanned by the initial,
respectively terminal, objects. Then

1. The quasicategories C'™* and C**™ are contractible, i.e. |C™¢ 2 x and |C*™™| & x.
2. For every y € Cy the mapping space C(z,y), respectively C(y, ), is contractible.

Proof.

1. We just show it for initial objects, since the case of terminal objects is similar. The
definition of initial object ensures that for any map OA™ — C™* there exists a lift A" —
Cit thus CM is a Kan complex. Considering the geometric realization |C™¢|, the lifting
condition defining initial objects imply that |C™| has just trivial homotopy groups. Then,
by Wihitehead theorem, the space |C™| is contractible.

2. See [Rez21, Proposition 61.7]

Definition 1.3.7. Let C be a quasicategory, K a simplicial set and p : K — C a map of simplicial
sets. A p-colimit is an initial object of the slice category C,,. Dually, a p-limit is a terminal
object of C/,. Unrolling the definition we have the following explicit descriptions:

e A p-colimit is a map p : K x A’ — C extending p, such that, for n > 1, there exist a lift
for every diagram
p

KxAY — s KxoA" — 5 C

K x A"
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e A p-limit is a map p : A? x K — C extending p, such that, for n > 1, there exist a lift for
every diagram
b

A S K — 5 A" x K — C

A" % K

By Proposition 1.3.6 it follows that all the possible choices of limits, or colimits, for
p : K — C form a contractible space. Moreover, for each functor F' : A? x K — C the
quasicategory sSets(F, p) is a contractible Kan complex. This is the replacement of the “unique
isomorphism” requirement in usual category theory in the framework of quasicategories (or
(00, 1)-categories in general). We end this chapter with an example of a limit that allows to
capture some of the intuition, and illustrates some consequences, of the above definition.

Example 1.3.8. 1. Let K be the @licial set associated to the picture e — o + o (here
the picture gives the nondegenerate simplices of K). We have A?x K = Al x Al is the
simplicial set given by Figure 1.3. Then a map p: K « A? — C is:

(a) An object (0-simplex) V',
(b) A triple of morphism (1-simplices) @, v, 0,

(¢) 2-simplices & and /3 exhibiting the composites © ~g f o @ and  ~ § o .

3
1%
hﬂﬂ

Figure 1.3: Picture of the simplicial set A? x (o — o < o) =2 Al x Al

|

/
/sﬁ

u
v

|

g

For n = 1, the lifting propeJ;lof the limit implies that for any other set of simplices
V', i, ,&, B as in Figure 1.3, thére is a realization of a cube with opposite faces of the
form of precisely this same Figure 1.3, which with the front faces can be seen in Figure 1.4,
inside C, where every 2-simplex exhibits as composite its 1-faces, and there are 3-simplices
relating all the possible composites as their 2-faces.



=
NEN

Figure 1.4: Lifting property of the limit p : A% x (¢ — & «— @) — C, for n = 1.

1/1

The lifting property for higher n becomes harder to give as an explicit geometric description.
Nevertheless, the case n = 1 already gives a lot of intuition. For example, in case we-are-only
interested in 2-simplices, then the definition of the above limit is exactly the definition of a
homotopy pullback, or Pseudo pullback, in the theory of bicategories [Lac06, Example
6.8].

We end our discussion on limits by considering (finite) products in quasicategories. Let I be a
discrete simplicial set with finite objects and let C be a quasicategory, then a diagram F' : I — C
is determined by the collection of objects {z; := F(i)};e; € C. Notice that A®xI =], Al/ ~,
where ~ identifies all the initial edges of the 1-simplices.

T

Thus a map A° x I — C is determined by an objects 2 € C and a collection of 1-simplices
{pi: @ — 2i}ier. We say (x,{p; : © — x;}ies) is a product if the associated diagram AYxI — C
is a limit of I — C.

Proposition 1.3.9. Let I be finite set and let {z; };c be a collection of objects in a quasicategory
C. An object = together with a collection of maps {p; : * — =;}iecs is a product if and only if
for every y € Cy the induced morphism

el
is an equivalence of Kan complexes.

Proof. See [Rez21, Section 61.10] or [Lur09a, Section 4.4.1] O

Fibrations in Quasicategories

In the theory of presheaves in categories one usually work with fibrations of categories C' — C’,
such fibration defines a family of fiber categories {C”.} .cc» indexed by the objects of C’. However
these categories might not be a priori related, the notion required to make the fiber categories
functorial with respect to morphism of C’ is that of a coCartesian fibration, or Grothendieck
fibration. This concept generalize to quasicategories via the following definitions.
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Definition 1.3.10. Let C and D be quasicategories. A map of simplicial sets C — D is an
inner fibration if for every n > 2 and 0 < ¢ < n there exists a lift to each diagram

A?%C

[

A" —— D

One can check that the property of being a inner fibration is stable under taking pullbacks.
Let p: C — D be an inner fibration, then upon taking taking the pullback over an object = € D

Cr =Cx; A" —— C

| [

A D

we can see that the simplicial set C, satisfies the inner horn lifting property. Thus an inner
fibration C — D parametrises a family of quasicategories indexed by the objects of D. However
this parametrisation is in general not functorial with respect to the morphism in C. This is fixed
in a similar way to the usual picture: by introducing a collection of morphisms with special
lifting properties.

Definition 1.3.11. Let C and C’ be quasicategories and p : C — C’ a map of simplicial sets. A
1-simplex f :x — y in C is a p-cocartesian morphism if there exists a lift for every diagram

f

/\‘

AOD AR C
X
Lo ip

An C/

Definition 1.3.12. A coCartisian fibration is an inner fibration C — ~D such that for 1-
simplex f : x — y in D and every § over y, there is a coCartesian edge f : & — y with the

property p(f) = f.

In the categorical theory the coCartesian condition is exactly the lifting of edges with the
required lifting properties for 1 < n < 2. For quasicategories the story is similar: given a (inner)
fibration p : C — C’ a cocartesian f lift of a 1-simplex f :l#—+——y allows to construct a map
of simplicial sets between the fibers f' : C, — Cy, see [Rezl7, Section 64]. Since coCartesian
morphisms satisfy some kind of universal lifting property, we could expect they are characterized
as terminal objects in some quasicategory. It turns out this is indeed the case, see [Rezl7,
Proposition 64.12], thus in particular the space of cocartesian lifts is contractible.

19



Chapter 2

Examples of Quasicategories

In this chapter we will introduce the examples of quasicategories that will be used in later
chapters. All of these example arise in the same way: given a functor S : A — C and an object
c € Cy, then the Yoneda embedding defines a simplicial set

Home (—

NG D, et |

We have already seen examples of this construction: the nerve of a category and the simpli-
cial chains functor. We saw that in both these cases the simplicial sets in consideration were
quasicategories. Further examples of simplicial sets will arise from higher categories, we will
be particularly interested in the nerves of bicategories, tricategories, and topological categor-
ies. Bicategories and tricategories are the first examples of higher categories: categories with
n-morphism for n > 2, for which there exist concrete combinatorial models. Nerves of these
ategories are n@ays quasicategories, however under appropriate conditions involving
invertibility of the higher n-morphism (for n > 2) they will define quasicategories (Theorem
2.2.13 and Theorem 2.3.9).

2.1 Topological Categories and the Homotopy Coherent Nerve

There is a strict, or naive, model for (oo, 1)-categories, namely topological categories. In this
section we introduce topological categories and describe a nerve construction that allows us to
obtain a quasicategory from a topological category.

Definition 2.1.1. A topological category D is a category enriched over Top. Explicitly this
means a set (or collection) of objects ob(D) =: Dy together with hom topological spaces D(z,y)
for every pair of objects x,y € Dy, continuous compositions maps

o:D(y,z) x D(x,y) — D(x, 2),
and identity morphism id, € D(x,x), satisfying (fog)oh = fo(goh) and foid, = f =idyo f.

Similarly, considering enrichment in simplicial sets and Kan complexes, we define simplicial
categories and Kan categories. As a consequence of the (Quillen) equivalence between Kan
and Top, we regard the theory of topological categories and Kan categories as equivalent.

Example 2.1.2. The canonical example of a topological category is that of CW complexes. This
is the category with objects CW spaces and for two CW spaces X,Y € CW the homorphism
spaces CW(X,Y") are given by continuous maps X — Y with the compact open topology.
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Notice that in topological categories and simplicial categories the associative and units are
strict, in contrast to the case of quasicategories where the composition is only associate up
to higher morphism. It turns out that that the model of topological categories is too strict,
this causes that many definitions one would like to have in a (oo, 1)-category model to be
cumbersome in this model. For example the definition of weak (co)limits requires coherent
(co)fibrant replacements of all the spaces in the limit diagram (compare with the seamlessly
easy definition of limits in the quasicategory model). Despite the mentioned disadvantages
many examples of quasicategories can be constructed from this model. In this section we show
how to assign to a simplicial category, and in particular to a topological category, a quasicategory
via a nerve construction. Before describing the input functor A — Catggets for this nerve let us
introduce some definitions.

Definition 2.1.3. Consider [n] = (—— --- —) as a graph. Define P;; as the set of paths
starting at ¢ and finishing at j. For paths p and p’, we say p’ refines if p can be obtained from p’
by joining some paths. Refinement endows P; ; with a poset structure, where p < p/ if p’ refines
p. Thus we can consider its nerve P; ; :== N(P; ;). Explicitly the set of n-simplices (IP; ;) is the
set of all possible paths from i — j of length at least n.

It is useful to understand P;; in a more geometric way. For this we compare P;; with
[==1 .= (AY)*U=i=1)_ For j > i define a map of simplicial sets

C: ]Pi,j — Djiiil,

as follows: On 0-simplices the map sends a path iy — is--- — i, to the binary sequence with 1s
on every iy — ix—1 spot for every 1 < k < n. On 1-simplices the maps sends a refinements p < p’
to the unique map between the binary sequences of p and p’ which sends 0 to a 1 in all the spots
witnessing p’ as a refinement of p. On general n-simplices the map sends a chain of refinements
(p1 < pay-..,Pn—1 < pn) to the product (aq,...,aj_j—1) of n-simplices in Al, where ay is a
degenerate simplex of and edge, if and only if (k - k+2) - (k - k+1— k+2) appears in
the chain of refinements.

Example 2.1.4. As an example of the map ¢, let j —i—1 =5 so j = i + 6. Then via the
isomorphism the 0-simplex (0,1,1,0,1) € ((0°)g = {0,1}° is mapped to the path (i — i +2 —
i+3—1+5— i+ 6) and the 1-simplex (0,0,1,0,0) — (0,1,1,0,1) is mapped to the poset
inclusion

(i—i+3—>i4+6)<(i—>i+2—>i+3—i+5—>i+6).

Lemma 2.1.5. For 7 > j, P;; is empty. If i = j, then IP;; = . If j > 4, then there is an
isomorphism of simplicial sets
P;; — ¥t

Sketch of the proof: The two first assertions are clear. To prove the third we consider an inverse
for c,
p: Djilil — Pi,j~

On 0O-simplices it maps a binary sequence to the path stopping at every position with a 1 in
the binary sequence. On Il-simplices, it maps a sequence of 1-simplices of Al to the unique
refinement between the edges of the 1-simplices (which are considered as binary sequences). For
general n-simplices the map sends o € [77""! to the unique sequence of refinements (p; <
D2, -, Pn—1 < pp) such that py < prr1 = [ p41]. It is clear that this defines an inverse of
0-simplices and 1-simplices. We omit the details showing this defines an inverse to ¢ for higher
simplices. However this follows easily from the (not yet diseussed) fact that erve of a
category is a 2-coskeletal simplicial set (see Definition 2.4. Theorem 2.4.6)Lﬁ-In O
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Definition 2.1.6. For every n € N, define the simplicial category S[n] by the following data:
1. S[n] has as objects the set {0,1,...,n}.

2. The hom simplicial sets of S[n]| are given by
Snl(i, ) = Piy,

where the composition operation is induced from the concatenation of paths P, x P; ; —
P, 1, and the units are induced by the constant paths in F;;.

Definition 2.1.7. For each increasing map f : [n] — [m] define a functor of simplicial categories
Sf : S[n] — S[m] by the following data:

1. On objects it is given by f.

2. Define f : P;j = Py(;),7(;) by mapping a path to its image under f. Since f is an increasing
map, it follows that this map preserves the poset structure of on F; j. Therefor f induces
a map of simplicial sets N f : P j — Py(;) r(;). Define a map between hom simplicial sets
by
Nf = 8n](i, ) = Sm](f (@), f(4))-

Definition 2.1.8. Define a functor S : A — Catggets by the following data

e On objects, that is for each [n], the functor assigns the simplicial category S[n].

e On morphisms, that is for each increasing map f : [n] — [m], the functor S assigns the
functor between simplicial categories Sf.

Definition 2.1.9. The homotopy coherent nerve N, (D) of a simplicial category D is the
simplicial set associated to the functor S : A — Catggets as in Definition 2.1.8. Precisely, it is
uniquely defined by

[N(D)]n = Catssets(S[n]), D).

We extend the definition to topological categories by considering the latter as Kan simplicial
categories.

Proposition 2.1.10. Let D be a Kan category or a topological category. Then the homotopy
coherent nervie of N(U') is a quasicategory.

Proof. See [Lur09b, Proposition 1.1.5.10.] O

Example 2.1.11. We describe the structure of the simplicial categories S[n] for low n, and
as a consequence we also give a description of the low dimensional n-simplices of N(D) for a
topological category D.

e n=0: The simplicial category S[0] has just one object * and the mapping space is
S[0](*, *) = A®. Thus 0-simplices of N(D) are given by an object z in D together with
the identity morphism id, € D(z,x). In particular, 0-simplices of N (D) are in bijection
with Dy.

e n=1: The simplicial category S[1] has 2 objects {0, 1} and the mapping spaces are given
by
S[1)(0,0) = A,

S[1](0,1) =2 0° = A,
Thus a 1-simplex of N(D) is given by a pair of objects x,y € Dy and a point in D(x, y).
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e n=2: The simplicial category S[2] has 3 objects {0, 1,2} and the mapping spaces are given

b
' 5(2)(0,0) = S[2)(1, 1) = S[2](2,2) = A,
S[2](0,1) = S[2](1,2) = A°,
S[2](0,2) = Of = Al

There is a unique map S[2](1,2) x S[2](0,1) — S[2](0,2) given by the inclusion of the
initial point {0} — A'. Thus a 2-simplex of N (D) is given by objects x,y,w € Dy, points
a1 € D(z,y), az € D(y,z) and a path v € D(z, z) starting at az o a; and ending at some
asg € D(x, z).

e n=3: The simplicial category S[3] has 4 objects {0,1,2,3} and the mapping spaces are
given by

S[3](0,0) = S[3](1,1) = S[3](2,2) = S[3](3,3) = A°,
S[3](0,1) = S[3](1,2) = S[3](2,3) = A°

S13](0,2) = S[3])(1,3) = Al

S[3](0,3) = 02

There are maps
S[3](0,1) x S[2](1,3) — S[3](0,3),
S[3](0,2) x S[2](2,3) — S[3](0, 3),

given by the inclusion of the the intervals on opposite sides of the square (J?. Thus a
3-simplex of N (D) is given by objects x,y, z,w € Dy, points a1 € D(z,y), as € D(y, 2),
az € D(z,w), paths v € D(z,2) and 42 € D(y,w) and a map ! — D(z, z). The last map
0! — D(xz, 2) is bounded by the paths v; o as, ag o 2 so it may be regarded as homotopy
between these paths.

Following the pattern we may intuitively consider n-simplices as describing homotopies of ho-
motopies between the images of products inside D(0,n).

A category C can be realized as a Kan category where the Kan spaces between two objects
x and y are given the by the discrete simplicial set C(x,y). This defines a fully faithful functor

Cat — Catggets -

The following lemma compares the possible nerves in view of this embedding. This will be
useful in later chapters when we consider quasicategories whose mapping spaces are homotopic
to discrete spaces.

Lemma 2.1.12. Let C be a category. Then the composition S : A — Catggets — Sets factors

as
CatsSetb( C

A *> Catssets
ey %

In consequence, for a category C, considered as a discrete simplicial category, the homotopy
coherent nerve agrees with the nerve of C' as a category.

Proof. This follows from the following claim:

CatsSets(S[n], C) = Cat(A, C)
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Indeed, elements on the left hand side are determined by maps between objects F' : (S[n])oA —
Co and maps of simplicial sets P; ; — C(F (i), F'(j)) compatible with compositions and iden-
tities. Since IP; ; is connected (every pair of 0-simplices can be connected by a 1-simplex) and
C(F(i), F(3)) is discrete we see

sSets(N (F;5), C(F (i), F(4))) = C(F(i), F(5)),
and the data of a simplicial category functor is just the same as that of a functor [n] - C. O

As we have seen, much of the structure of a quasicategory can be obtained from its ho-
motopy category and its mapping spaces. For the homotopic coherent nerve we have a nice
characterization of the mapping spaces.

PropositJ‘Un_—rll.l& Let D be topological category with connected mapping spaces and let
N(D) its homotopic coherent nerve. Let z,y be objects of D considered as objects of N(D) (see
example 2.1.11), then there is a homotopy equivalence

D(z,y) = N(D)(z,y)-

Proof. See [HK20]. O

2.2 Bicategories and Nerves of Bicategories

Basic Definitions in Bicategory Theory

In this subsection we will the introduce the basic definitions to discuss bicategories. For further
discussion on the theory we refer the reader to [Lei98] and [Gurl3].

Definition 2.2.1. A bicategory (B, a,r,!l) is given by the data of:
1. A set (or collection) of objects ob(B) := By referred as 0-cells.

2. Categories B(A, B) for every pair A, B € By. The objects in these categories are referred
as 1-cells and the morphisms as 2-cells.

3. Functors capc and idy

CABC - B(B,C) X B(A,B) — B(A,C)
On objects (g, f) — go f,
On arrows (8, ) — B*a,

and idg : * — B(A, A) (thus id4 can be regarded as a 1-cell idgy : A — A). The
composition on objects o is referred as horizontal composition, on morphisms * as
vertical composition, and id4 as the identity 1-cell. When there is no chance of
confusion we will shorten f o g by fg.

4. Natural isomorphisms aspcp, 4 and rap referred as the associator, left unitor and
right unitor
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B(C, D) x B(B,C) x B(A, B) “425, B(C, D) x B(A,C)

cpop Xid / CACD
aABCD

B(B, D) x B(A, B) T B(A, D)
(b)
B(A, B) x *
idxidg =
J %‘
B(A, B) x B(A, A) — 75— B(A, B)
(c)

* X B(A, B)

idp X idl \

B(A,B) x B(A,A) ~— 5 B(A, B)

CABB
On the level of 1-cells these are 2-cells
angr : h(gf) = (hg)f, rp:foid = f, lp:idof = f.

The above data should satisfy the following diagrams:

1.
/ ((kh)g)f \
ao(cexidg xidy) axidy
(kh)(gf) (k(hg))f
a o(idy, Xidhk Adkxcxid‘f)

k(M9f)) —ama *((h9)f)

2.
(goid)o f . go(idog)
gof

A bicategory is called a 2-category if the natural transformations a, ! and r are the identity
natural transformations. In other words, a 2-category is a category enriched in categories. A
bicategory is called unitary, or normal, if the natural transformations [ and r (not necessarily

a) are the identity natural transformations.

Example 2.2.2. The main example of a bicategory is the category Cat of all small categories.
Here the 0-cells are all the small categories, the 1-cells are the functors between categories and
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2-cells are given by natural transformations. Horizontal and vertical composition are given by
composition of functors and natural transformations, respectively. The identity 1-cells and 2-
cells are given by the identity functors and identity natural transformations. In fact Cat is
actually a 2-category.

Example 2.2.3. Now we present an example of a bicategory that is is not a 2-category. The
bicategory B has just one 0-cell, the 1-cells are given vector spaces, and 2-cells is given by linear
maps. Horizontal composition is given by the tensor product, while the vertical composition
is given by composition of linear maps. Since in general the tensor product of vector spaces is
not associative, but only up to a linear map, the category is not strict. This example may be
generalized to arbitrary monoidal categories and it is known as the delooping bicategory of
a monoidal category.

Definition 2.2.4. A (2,1)-bicategory is a bicategory in which every 2-cell is invertible.

Just as in the case of categories we can define higher functors and higher natural transform-
ations between bicategories. Following the creed of higher category theory these should satisfy
the usual equalities of a functor or natural transformation up to 2-cells.

Definition 2.2.5. Let B and B’ be bicategories. A pseudofunctor (F,¢) : B — B’ is the data
of:

1. A function F : By — Bj.
2. Functors Fap : B(A,B) — B'(FA, FB).

3. Invertible natural transformations

(a)
B(B,C) x B(A,B) ———~—— B(A,C)
FchFABJ( /¢>7 JFAC
ABC
B(FB,FD) x B(FA,FB) ———— B/(FA,FC)
(b) |
« 1, B(A, A)

% JFAA
s — BI(FA,FA)

s q!
id’p 4

On the level of 1-cells these are 2-cells
¢rg: FgoFf = F(gof), ¢ :id — Fid.

The above data should satisfy the coherence data determined by the following diagrams:

1.

(Fh F)Ff % F(hg)Ff = F((hg))

|« [

Fh(Fg Ff) 2224 ph B(gf) 222 F(h(gf))
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- ) . Zd*‘tfvidzr(A) .
Ffoidy, ———— FfoF(ida) F(foida)

|+ |+

Ff Ef
3.
idoyo Ff — 1 plidg)o Ff —2"7  P(Iyo f)
ll' lFl
Fy Fy

A pseudofunctor is called strict if the 2-cells ¢, and ¢ are the identity natural transform-
ations. A pseudofunctor is called unital, or normal, if the 2-cells ¢, are all isomorphims and
¢ is the identity natural transformation.

It is easy to see that bicategories and pseudofunctors form a category which we will denote
by Bicat. It is also easy to see that the different degrees of strictness considered in the definitions
(stricness, unitarity) describe subcategories of Bicat. We will summarize, and introduce notation,
for the different conditions that describe possible subcategories of Bicat.

Bicategory data Pseudofunctor data

Bicat No conditions No conditions

Bicaty || I =id, r = id, 2-cells are isomorphisms | ¢ = id, ¢y, are isomorphisms.

2 Caty a=1id,l =1id, r =1id ¢ = id, ¢y 4 are isomorphisms.
2Cat a=1id,l =1id, r =id ¢ =1id, psg=id

Table 2.1: Some possible subcategories of Bicat and the conditions describing them.

For our purposes it is enough to consider only the category Bicaty, thus the following defin-
itions will be considered just in this framework. Nevertheless the reader should be able to
recover the weaker versions of these definition, either by searching in the literature the names
below without the adjective “unitary”, or by adding 1-cells and coherence diagrams to handle
non-unitarity.

Definition 2.2.6. Let (F,¢) and (G,v) be unital pseudofunctors between 2-categories. A
unital pseudonatural transformation o : (F¢) = (G, 1) between is the data of:

1. 1-cells FA 22 GA, for each 0-cell A.
2. Invertible natural transformations o4, for every pair of O-cells A, B

B(A,B) —5_, B/(FA, FB)

GABl 2 J{(UB)*

B(GA,GB) — B/(FA,GB)

(0a)*
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where (0p)«, (04)* are the functors induced from postcomposition and precompostion by
op respectively 4. On the level of 1-cells these are 2-cells

op:Gfoog—opol'f

The above data should satisfy the following 2-cells diagram

1dGo*0o og*xid
GgoGfoos —2 s Ggoopo Ff — " 600 FgoFf
|Providos Jide=us (2.1)
G(gf)ooa i ocoF(gf)

Definition 2.2.7. Let B, D be 2-categories, F,G : B — D unital pseudofunctors and o, : F' =
G a unital pseudonatural transformation. A (unital) modification I' : ¢ = ¢ is the data of:

1. 2-cells T" 4, for each 0-cell A,

such that the following 2-cells diagram holds

Gfoon —2M4 L Grogy
iaf lﬁf (2.2)
opoFf M e o Ry

Pasting diagrams

In usual category theory properties between morphism are encoded in (1-dimensional) diagrams;
similarly, in bicategory theory properties concerning 2-cells can be encoded in 2-dimensional
diagrams, these are called pasting diagrams. A pasting diagram in a 2-category B is a labeled
polygonal arrangement in the plane, suc t the labeling satisfies: 1) vertices are labeled
by O-cells , 2) edges are labeled by 1-cellsiand 3) faces are labeled by 2-cells. For example,
consider the pasting diagram in Figure 2.1: f: A — B, g: B — C, etc., are 1-cells; meanwhile
a:hog=1lom,vy:lok = jon, etc., are 2-cells.

~. [

R
s, | 2

A n G

Figure 2.1: Example of a pasting diagram.
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Each@ting diagram defines a unique 2-cell from the outer edges, in the case of Figure 2.1
this is a 2-cell hogo f = ko joi. To define this 2-cell in term of composition, we should replace
the step by step compositions of 1-cells by the 2-cells in the pasting diagram. For example in
Figure 2.1 this series of steps are

(hg)f 2228y (lm) £ = 1(mf) 22225 (kjn) (mf) = (k) (nmf) 220 ki,

Thus the whole 2-cell defined by the pasting diagram is

(idk; * ) o (B *idyf) o (o xidy). |:|

When needed, we will write numbers on the two cells to guide the reader in order of vertical
composition of the 2-cells in a pasting diagram, like in Figure 2.1.

Equalities of pasting diagrams have 3-dj sional intepretations: each pasting diagram can
be though as a 2-dimensional polytope, the@ahty of two pasting diagrams can be interpreted
as the existence of a 3-dimensional polytope constructed by gluing the pasting diagrams along the
common edges. For example, in Figure 2.2 the equality of pasting diagrams can be interpreted
as a cube.

C C
g h g h
. /1%\ . . / l \ .
S lﬂ s 2
ﬁ g7 ]c _ ﬁ H P
3y s /q/’ \T\
A

\
=
Q

Figure 2.2: Equality of pasting diagrams interpreted as a 3-dimensional polytope. For clearness
we just present the front 2-cells of the polytope.

Definition 2.2.8. An adjunction (F 4 F*, n, €) is a pair of 1-cells F: X - Y, F*:Y = X,
and 2-cells ) : idx = F*oF, e: FoF*® = idy (unit and counit), such that the following equality
of pasting diagrams hold



Y Y Y Y
F ~N ffe F - F F
/ o / / N /

X X X X
2.

X X X X
e AN Un V - V V

g F =

N

An adjoint equivalence is an adjunction where the unit and counit are natural isomorph-
isms. Let F' be a 1-cell, then a adjunction data is an adjoint equivalence (F, F*,np,€r).

We can use adjoint equivalences to invert the edges of a pasting diagram without changing
the equality of a pasting diagram.

Lemma 2.2.9. Let v* and *® be the 2-cells defined by the following pasting diagrams

l

B—" 4 F FE—=———F ——D
V= ﬂ by I 2 N 7= ne U ] B )
A—i>F F FﬁG

Then there is an equality of pasting diagrams

B—™ L F L D B—™ L F L D
| I
f 2y n g k= f W one 2 ge k
! |
A : F : G A : F : G
7 7 1 J

Proof. The statement is clear from the definitions of v*, 8® and the condition on units and
counits of adjoint equivalences. O

In an equalit@s‘cing diagrams in which all the edges are adjoint equivalences an inductive
use of Lemma 2.2.9 allows to check equality of pasting diagrams by examining the (unoriented)
pblytope it defines (as long as the boundaries have the same orientation). See [KV94a] and
[Gurl3] for a in depth discussion on this| | This| ywill be congtantly used in the proofs the main
theorems in this work Theorems 0.0.3, 0.0.4, 0.0.4 and 0.0.6 in the introduction.

Remark 2.2.10. We restricted the definition of pasting diagrams to 2-categories because in
this case the strictness of 2-categories ensures that pasting diagrams define a unique 2-cell
between its edges. One may also define pasting diagrams in bicategories, however in this case
one should be more careful about why the diagrams are well defined. Lets sketch the problem: In
a bicategory different bracketings in a composition of 1-cells ytelds a different result (related by
an associator). For example from the diagram in Figure 2.1 i t clear whether the morphism
maps h(gf) = i(jk), or h(gf) = (ij)k, or maybe other possibility of bracketings. Moreover it
may be required to use different bracketings on 1-cells to make sense of the pasting diagram. For
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example [ * id,, and idy; * v have different source and targets, thus we require to use several
associators to make sense of a pasting diagram. MacLane coherence theorem [Gurl3] ensures
that there are canonical coherence isomorphisms between the bracketed expressions. Therefore,
upon choosing a bracketing on the edges. the pasting diagram is well defined (although the
interpretation as a 2-cell requires keeping track of the additional associators).

Nerve of Bicategories

Definition 2.2.11. Let B be a bicategory. The nerve of a bicategory N2B is the nerve
associated to the functor
A — Cat — Bicaty,

given by considering the categories [n] as 2-categories with identity 2-cells. Explicitly the n-
simplices of [N2(B)], are given by

1. A collection of objects {X;}o<i<n.
2. A collection of 1-cells {f;; : X;i = Xj}o<i<j<n in the bicategory B.
3. A collection of 2-cells {,uk,m : fk,j o fj,i = fk,i}ogigjgkgn-

Subject to the conditions:

1. fii=1tdx,, for 0 <7 < n.

[\)

i = z'diji, for0<i<j<n.

w

- Wiy = idfi,j’ for0<i<j<n.

4. For 0 <i < j <k <1< n, the following 2-cell diagram holds in the category B(X;, X))

(fiefr)fii == fir(fr;fi)

M,k,j*idV \dﬁk*ﬂku

Juifri fi5 i

fui

The simplicial operators are induced by precomposition by the simplicial operator in A, i.e. face
maps are given by composition or projections; while the degeneracy maps are given by repeating
elements and adding identities.

These collections are just the images of [n], with n being the number of indices of the
collection. The diagrams appearing in {he d¢finition are just the ones from the definition of
unitary pseudofunctor, see Definition 2.2.5.

Remark 2.2.12. It is useful to consider a geometric picture for the first simplices of the nerve
of a bicategory:

1. For n = 0: There is just one object X;, and the higher cells must be the identity cells.
The 0-simplices are determined by just one object X7, and can be visualized as points.
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2. For n = 1: There are 2 objects X1, X2, one non trivial 1-Cell f;;, and 2-cells must be
the identity cells. Thus 1-simplices are determined by a 1-cell fis : X1 — X2, and can be
visualised as lines.

3. For n = 2: There are 0-cells X1, Xo, X3; 1-cells fio, fa3, fi3, and a 2-cell p193 : fizo fio =
f13. Thus 2-simplices can be visualized as diagrams

Notice that the 2-cell maps out from the composition.

4. For n = 3 : Following the same pattern above we can visualize 3-simplices as the faces of a
tetrahedra with an orientation given by the rule that a 2-cell points out of the composition
of 1-cells.

5. For n > 4: The 4-simplices are given by all the possible ways to paste the tetrahedra
described by triples of objects in {X;}o<i<n, where the faces of the different tetrahedra
agree.

Theorem 2.2.13. Let B be a (2, 1)-category then Na(B) is a quasicategory.
Proof. The proof can be found in m, Section 6]. ] O

The main use of Theorem 2.2.13 is that it immediately implies theorem 0.0.1 stated in
the introduction: the nerve of the (2,1)-category Cat(y ) of categories, functors and invertible
natural transformation, denoted Cat := Na(Cat(s,1)), is a quasicategory.

2.3 Tricategories and Nerves of Tricategories

We can go one step higher and discuss tricategories. The definition and construction of the nerve
of tricategories is completely analogous to that of bicategories. For simplicity we will not deal
with the general theory of tricategories. Instead we will focus on the explicit example Bicat: the
tricategory of bicategories, pseudofunctors, pseudonatural transformations and modifications.
Nevertheless, many constructions presented in this section generalise without much effort—to
general tricategories. For a reference the general theory we refer the reader to [Gurl3]. We
will provide (incomplete) definitions which omit the (large) coherence diagrams present in the
theory of tricategories.

Definition 2.3.1. A tricategory (7,a,r, [, 7, u, A, ) is the data of:
1. A set (or collection) of objects ob(T) := Ty referred as 0-cells.

2. Bicategories T (A, B) for every pair A,B € Ty. The 0O-cells in T (A, B) are referred as
1-cells in T, 1-cells in T (A4, B) as 2-cells in T, and 2-cells in 7 (A, B) as 3-cells in T.

3. Pseudofunctors capc : T(B,C) x T(A, B) = T(A,C) and ida : * — T (A, A). Notice ids
can be regarded as a pair of a 1-cell idg : A — A and a 2-cell ida :idg — ida.

4. Adjoint equivalences aapcp, lap and r4p (in the bicategory of pseudonatural transform-
ations and modifications) referred as the associator, left unitor and right unitor
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T(C,D) x T(B,C) x T(A, B) 45 (0, D) x T(A,C)

cep Xid $§§§§§57 CACD
aABCD

T(B, D) x T(A, B) . T(A, D)

T(A,B) x

z‘dxid{ \
ﬁ‘jii;

T(A,B) x T(A,A) ———— T(A,B)

CAAB

* x T(A, B)

idp X’idJ( \

T(A,B)xT(AA) ———— T(A,B)

CABB

5. Invertible modifications mapcp, papc, Aapc and papc referred as pentagonator and

higher unitors

(a)
cx1x1

cx1x1
I3 1-4 IS

. N x1 1x1x / x1
My Dot doa N o/ N\
1’4

73 Sixa  ITP—exi— T2 Fr TP —oa— T2 =, T2

v
N A 4 b\ N, A
T

7P ———T TP —

I2 IQ 1
N
r®x1 la

N
<11 I?’ —ex1l—> IQ =u U1 IQ
1
lic Ja J/c lc
T7P— T 7P ———— T
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l—Q 1 l—Q 'IQ 1xc 'IQ
=9\ = l
la
c‘ = c c T2 c
A AN
/id><1 W c\,l
(d)
T 7 T—T
~ ~ N . ‘Ur. /‘
1xid c
N /
c = c c T2 c
){ B :>a
5 T
T? — 7 " 1 T2

73 T3

In the above diagrams, to ease notation, we use 7 to denote a hom bicategory
T(—,—), and 1 denotes the identity pseudofunctor.

The above data should satisfy the coherence diagrams as found in [Gurl3, Definition 4.1].

Example 2.3.2. The collection of bicategories is a tricategory Bicat. For B and B’ bicategories
the mappping bicategory Bicat(B, B') has: pseudofunctors as 0-cells, pseudonatural tranforma-
tions as 1-cells and modifications as 2-cells. Thus in Bicat: 0-cells are bicategories, 1-cells are
pseudofunctors, 2-cells are pseudonatural transformations, and 3-cells are modifications. Check-
ing that Bicat is a tricategory is a straightforwdrd consequence of the definitions (although it
requires extensive checking). For details see [Gurl3, Section 5.1]

Definition 2.3.3. We say a tricategory T is a (3,1)-tricategory if:
1. for any 2-cells a: f = g and 8 : g = k in T (A, B), the functors

—oa: [T(A, B)l(g,h) — [T (A, B)I(f,h),
Bo—:[T(A,B)(f,9) = [T(A B)(f k),

are equivalences of categories.

2. All 3-cells are invertible.
Proposition 2.3.4. Let 7 be a tricategory in which every 3-cell is invertible and every 2-cell
« is part of an adjoint equivalence (a, a®,n,€), then T is a (3, 1)-tricategory.

Proof. An adjoint equivalence induces an equivalence of categories. Indeed, the functors — o «
and a o — have inverses determined by — o a® and a® o —. Notice that we are considering the
2-cell @ in T as a 1-cell in some hom bicategory 7 (—, —). O
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One may consider different levels of strictness to define different subtricategories inside Bicat.
For example we might restrict to just unitary data, strict data, or consider 2-categories but
allow weak higher morphisms between them. In table 2.2 we summarize some of the possible

subtricategories that will play important roles in the future.

0-cells 1-cells 2-cells 3-cells

Bicat Bicategories | Pseudofunctors | Pseudonatural Modifications
transformations

Bicat(s 1) || Bicategories | Pseudofunctors | Adjoint Invertible
equivalences Modifications

Gray 2-categories 2-functors Pseudonatural Modifications
transformations

Gray(&l) 2-categories 2-functors Adjoint Invertible
equivalences modifications

2Cat 2-categories 2-functors Strict natural Strict
transformations modifications

Table 2.2: Some possible subtricategories of Bicat and the conditions describing their cells.

Remark 2.3.5. Contrary to the bicategorical picture, not every tricategory is equivalent to
a strict one. For example Bicat is mot equivalent to neither to 2Cat nor to Gray [Lac06].
Nevertheless, Bicat is triequivalent to a subtricategory Gray’ of Gray. For precise statements
and proofs we refer the reader to [Gurl3, Sections 8-10].

Pastings diagrams for Tricategories

In the previous section we have used some pasting diagrams to describe properties between
pseudofunctors, pseudonatural transformation and modification. As in the case of pasting
diagrams in bicategories to make sense of these diagrams some discussion is needed. Lets
consider how the picture is different from the coherence for diagrams in bicategories. Consider
the following data: pseudofunctors H; : By — By, G; : Bo — B3, and F; : B3 — By, for i = 1,2;
natural transformations 6, : Hy = Ho, 05 : Go = G1, 03 : F» = I, ay : GroHy = Gy0 Hs, and
a9 : F1 oG = F5 oGy and modifications wy : G161 = (92H1) ocag a o 105 = (93G1) o .
With this data we can construct the pasting diagram in Figure 2.3.

F1G10
F1G1H1 % F1G2H2
UFlwl
Froq F162Ho 03G1H2

U‘UJQHZ

FG1Hy, ——— F>,G1H,
a2H2

Figure 2.3: Example of a pasting diagram between bicategories

Lets discuss whether this makes sense. The problem lies in the fact that Fy((62H2) o a1)
and (F162Hy) o Fioy have different sources and targets, since in general the pseudofunctor Fy
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might not be strict. However, in contrast to our discussion for bicategories, these unmatchings
of sources and targets cannot be solved using just associators in the ambient bicategory. To
solve the issue we need a theorem that strictifies both the bicategories as well as pseudofunctors
between them.

In general a pseudofunctor is not equivalent to a strict pseudofunctor. However for a certain
class of bicategories, known as cofibrant, it is the case that every pseudofunctor is equivalent
to a strict functor. The name comes from the fact that they are the cofibrant objects in a model
structure on the category of bicategories and pseudofunctors. There is a strictifying cofibrant
replacement functor st which simultaneousty strictify the bicategories and pseudofunctors in
question, and upon choosing a bracketing on the edges such strictification is unique. Then it is
clear that the pasting diagram makes sense and determines a well defined 2-cell. For a more in
depth discussion we refer the reader to [SP09] section 2.2 and the references therein. It is worth
mentioning that in the case that we are dealing with just 2-categories and 2-functors, that will
be our main setup in later sections, then there is no need to introduce all the previous discussion
and the pasting diagrams make sense on the nose.

Nerves of Tricategories

We now introduce the nerve of a tricategory. The construction, description and general discus-
sion of nerves of tricategories is completely parallel to that of the nerves of bicategories.

Definition 2.3.6. Let 7 and 7" be tricategories. A unitary trihomomorphism (F, ¢,w,~,4) :
T — T’ is the data of:

1. A function F : 7o — 7.
2. Unitary pseudofunctors F': T(A,B) — T(FA,FA).

3. Adjoint equivalences

T(B,C)x T(A,B) ————— T(4,0)

FBCXFABJ /¢7 JFAC
ABC

T'(FB,FD) x T'(FA,FB) ——— T'(FA, FC)

4. Modifications, (w,~,d)
(a)

FXFxF FXFxF
EE—

I? Iﬁ I? Iﬁ

AN / s /
113// 1 Yox1 \\<;f1 1xc Yixo Iner \\i;X1
N %4

T° . TP—rxr—T? Te TP —rxrs 77 &y TP

X zc/ v % N be NT/A

T——a— T T
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T’ FxF T’ T2 1 T
- -, =,
F T2 F F = F
s N
idx1 W c\
v
T— T I ———1T
()
7—/ 1 7—/ I/ 41) I
DN N \ /e 7‘
1xid " ¢
X /
F = F F T F
= e
= T
T 11— T T FxF T
Uyo /
Ixid ¢ lxh /
T T2
In the above diagrams we use 7 to denote a hom bicategory 7 (—, —), and 1 denotes

the identity pseudofunctor.

The data should satisfy:
1. F(ids) = idp4 and the following diagram commutes

idp A

« T/(FA,FA)

ida /

T(A,A)

2. For any 1-cell f: A — B, it holds
Gidyf =lry and  dypra, =15y

3. The diagrams in [Gurl3, Definition 4.10] holds. For our purposes we will just write the
constraint diagrams in the case the domain tricategory 7T is strict:
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VF(fgh)F(J) ,
F(fg)F(h)F(j) W fg,,j F(fghj)
T ixe g
$x1x1 F(fg)F(hj) ¢
s o g9:hj
F(fF@FWEG) s R F(ghi)
lx% /1><¢
F(f)F(g)F(hj)
M/7F(fgh)F(J) )
T \
F(fg)F(h)F(j) ¢x1 F(fghj)
ilec g,h X1 ‘ QUwf,gh,j
$x1x1 F(f)F(gj)F(k) ¢
/1><¢><1% Ix¢
F(f)F(g)F(h)F(j) Haxwg F(f)F(ghj)
lxm /1><;
F(f)F(g)F(hj)

(b) Wiida,gs Wida,f,g a0d W giq, are the identity.
Tricategories as above and unitary trihomomorphims form a category Tricat;.

Definition 2.3.7. Let 7 be a tricategory in Tricaty. The nerve of a tricategory N37 is the
nerve associated to the functor
A — Cat — T'ricaty,

given by considering the categories [n] as tricategories with identity 2 and 3-cells. Explicitly the
n-simplices of [N3(7)], are given by:

1. A collection of objects {X;}o<i<n.
2. A collection of 1-cells {f;; : X; = X;}o<i<j<n in the bicategory B.
3. A collection of 2-cells {,u;w-’i : fk,j o fj,i = fi,k}0§i§j§k§n-

4. A collection of 3-cells {wl,k,j,i}0§i<]’<k<l§n in T(Xu Xl)

(fiefrg)fii ———= fip(fr,jfii)

Nl,k,j*id% \idflyk*#kyj,i

fl,kfk,i Ewl,k,j,i fl,jfj,i

Jui

Subject to the conditions:
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1. fi,i = Z'd)(i7 for 0 < ) <n.
2. pigg = idfiyj, for0<i<j<n.
3. Wij; = idfiyj, for0<i<j<n.

4. For 0 < i < j < k <l < m < n, the following 3-cell diagram holds in the bicategory
T(XZ7Xm)

Pnji © (kg * fial © [mgk * frg * £

WJ*&@)

Wi k,5,i® (k1 k% Sk, 5% f5,0) P © (Mg * fri) © (fmg * pk, * fji)

P, © (Frke % Mgi) © (g * frg * fii) Wi, 1,710 Fom k10 e %)

1R

tian i © (Fmg % pag) © (fmd * fii kg * fii)

Pomke,i © (Bmgik * fri) © (frgg * Juk * Hji) fim, 1,50 (Fim U,k i)

Wm,l,k,io(fmm

it © (fmgd * tk,i) © (Fmd * fue * thii)

in the above diagram any 2-cell or 1-cell should be read as the identity 3-cell corresponding
to such lower cell.

The simplicial operators are induced by precomposition by the simplicial operators in A.

The collections are just the ima, [n], with n being the number of indices of the collec-
tion. The diagrams appearing in th ition are just the ones from the definition of unitary
trihomomorphism, see Definition 2.3.6.

Remark 2.3.8. As in the f the nerve of bicategories there is a geometric description for
the low dimensional simpligij\ng. The description is the next level of the one presented for
bicategories in Remark 2.2.12. The complete description is extensive and we omitted it here.
However, we give t}m description in ppendix A. We will use such descriptions in the
proof of Theorem 0.0.3 and Theorem 0.0.4.

Theorem 2.3.9. Tet T be (3,1)-category then N(T) is a quasicategory.
Proof. See [Carlb, Proposition 2]. O

Theorem 2.3.9, together with Proposition 2.3.4, imply Theorem 0.0.2 stated in the introduc-
tion: the nerve of the (3,1)-category Gray(&l) of 2-categories, 2-functors, adjoint equivalences
and invertible modification, denoted Gray := N3(Gray s 1)), is a quasicategory.

2.4 Weak n-Categories and Homotopy n-Categories

We saw that the nerve of categories, (2,1)-bicategories, and (3, 1)-tricategories are quasicat-
egories. In this section we will see that these examples also satisfy stronger inner horn lifting
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properties. These stronger lifting properties will serve as the starting point to define general
(n,1)-categories. To motivate the discussion we will first consider the case of categories. A
closer look on the proof of Theorem 1.2.4 gives the following:

Theorem 2.4.1. A simplicial set K is the nerve of a category C, if and only if for each 0 < i < n

and each diagram

A?LC
B

— an
there exist a unique dotted arrow making the diagram commutative.

Proof. The proof of 1.2.4 also proves that the nerve of a category satisfies the above property.
For the converse we define a category C out of the simplicial set K. The objects of C' arg-given
by the O-simplices of K, while the morphisms are given by the 1-simplices. The unique inner
horn lifting property for A? will define the composition, while the unique lifting for A3 and A3
imply the associativity of the composition. The complete details can be found in [Dus02, Part

4 ] .
We will now present a definition that captures the properties of the simplicial sets considered
in Theorem 2.4.1, that will allow us to state similar theorems for higher categories.

Definition 2.4.2.

1. Let A<, denote the full subcategory of A generated by the objects [0],...,[n]. For a
simplicial set the restriction to A<, defines a truncation functor

tr,, : Ssets — [A,, Sets] := sSets<y, .
2. The n-skeleton sk, (K) of a simplicial set K has k-simplices given by [sk,,(K)]x = K, for
k < n; and is freely filled with degenerate simplices for k > n.

3. The n-coskeleton cosk,, (K') of a simplicial set K has has k-simplices given by [cosky, (K)]; =
K, for k < n; while for kK =n + 1 is given by the simplicial kernel

[cosky, (K)]i = ker(trk(K)).

Here ker(tri(K)) is the set of all n-tuples (z1,...,2,), with x; € [trx(K)],, satisfying
the simplicial identities 0;(x;) = 0j(x;). For k > n + 1, [cosk, (K)] is just an iterated
simplicial kernel.

Informally, for every arrangement of n-simplices in tr<;(K) that could be arranged as the
faces of a n + 1-simplex, there exist a unique (n + 1)-simplex in ker(tr<;(K')) with those faces.
From the definition of simplicial kernel we see that if £ > n + 1, then a k-simplex in K must be
in cosk, (K). Thus we have a natural map K — cosk, (K).

Definition 2.4.3. A simplicial set K is called n-coskeletal if one of the following equivalent
conditions holds:

1. the natural map K — cosk,(K) is an isomorphism,
2. for any other simplicial set K’ the natural map

sSets(K', K) — [A%pn, Sets](tr, K', tr, K),
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is an isomorphism,

3. for k > n and every morphism OAF — K there exist a unique lifting

ONF — K

Proof. In fact one may use the definitions of sk;,, cosk, and tr< to describe an adjoint triple
(sky, - try, - cosky,), see [May92, Section II.8]. Thus properties 1 and 2 are equivalent. We now
prove the equivalence between 1 and 3: the lifting property is equivalent to the existence of a
unique n-simplex having a boundary determined by the image of dA*. Since such an image
satisfies the simplicial identities, the definition of simplicial kernel ithe uniqueness and

existence of thf Tequired n-simplex. ] O

With the definition of coskeletality we can restate Theorem 2.4.1 and present refinements
for Theorem 2.2.13 and Theorem 2.3.9.

Theorem 2.4.4. Let K be a simplicial set. Then K is isomorphic to the nerve of some category
C if and only if

1. K is a 2-coskeletal simplicial set
2. K satisfies the unique inner horn lifting property for A} for n = 2, 3.

Theorem 2.4.5. Let K be a simplicial set. Then K is isomorphic to the nerve of some bicategory
B in which every 2-cell is invertible, if and only if:

1. K is a 3-coskeletal simplicial set
2. K satisfies the unique inner horn lifting property for for n = 3, 4.
3. K satisfies the inner hprn liffing property for n > 1.

Proof. This is proved in [Dus02, Parts 6-8], and it is the main theorem of that reference. We
will give a few words on how to prove NoBB satisfy such properties. To begin, that NoB is
3-coskeletal follows from definition of NoB8 and the characterization of cosk(K) as an iterated
simplicial kernel. Thus it is enough to prove the inner horn lifting p ies for n < 3. This is
done with arguments similar to those in the proof of Theorem 1.2.4. Basically it follows from
the following informal fact: the image of an inner horn has essentially just one combinatorial
way to be arranged, and it is determined by the image of the 1-simplices in the inner horn.

U
Theorem 2.4.6. The nerve N3(7) of a (3, 1)-tricategory T satisfies:
1. N3(T) is 4-coskeletal simplicial set,
2. N3(T) satisfies the unique inner horn lifting property for n = 4, 5.

3. N3(T) satisfies the inner horn lifting property for n > 1.

41



1 [

Proof. This is [Carl5, Proposition 2]. Again the ideas of the proof are similar to those in
Theorems 2.4.6 and 2.4.5. The 4-coskeletality follows from the definition. The inner horn lifting
conditions follows from the higher invertibility conditions defining (3, 1)-tricategories, and these
can be checked case by case for n = 1,2 and 3. Property 3), Uniqueness of inner horn lifts for
n = 4,5, is the hardest to prove. It follows from studying the images of the inner horns for
n =4,5. A careful (and ingenious) analysis of the images of the inner horns implies that there is
essentially a unique way of combinatorially arranging the data of an inner horn, this determines
the required unique lifting. O

Before giving a general definition of (n, 1)-categories in the quasicategorical framework, we
record two results that will be used in later chapters, when we discuss the structure of E,
algebras in Cat and Gray.

Theorem 2.4.7. Let C and C’ be categories. Then the nerve N : Cat — sSets is a fully faithful
functor

Proof. Since N(C) is 2-coskeletal we have
sSets(N(C), N(C")) = sSets<a(skaN(C), skaN(C")).

Using the concrete description of the first simplices, one see that the right hand side is exactly
the data of a functor. O

Theorem 2.4.8. Let B and B’ be 2-categories. Then the nerve Ny : 2 Catyre: — sSets is a
fully faithful functor, i.e. the maps of simplicial sets NoBB — NoB’ can be identified with a unital
pseudofunctor B — B’.

Proof. A complete proo ["of This statement can be found in [BFB05, Proposition 4.3]. Here
we only sketch how to recover the pseudofunctor from a map of simplicial sets. Since NoB is
3-coskeletal (Theorem 2.4.5) we have

SSetS(NQB, NQB/> = SSetSSQ), (Sk‘gNQB, Sk3NQB/). I:l

Thus we may use the explicit description of the lower dimensional simplices as in Remark 2.4.2.
Considering particular instances of the simplicial assignments one may reconstruct the data of
a pseudofunctor, for example the simplicial map on the 2-simplex

X F(X)
a Fa
_
Y 7 X F(Y) g F(X)
allows to find Fa : Ff = Fg for an arbitrary 2-cell a: f = g. O

Homotopy n-categories and Postnikov Systems

Following [Lur09b] and motivated by the properties of the nerves of (1,1)-categories, (2,1)-
categories and (3, 1)-tricategories, we can give a quasicategorical definition of weak (m,1)-
categories.

Definition 2.4.9. A weak (n,1)-category, or just (n,1)-category, is a quasicategory C such
that:
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L. Cis a (n + 1)-coskeletal simplicial set, [ ]
2. it satisfies the unique inner horn lifting property for m =n+1,n + 2.

We remark that, although Definition 2.4 works in general, currently there are no good
explicit algebraic models for weak (n,1)-categories beyond n = 3. Nevertheless, Definition
allows to study many abstract properties of (n, 1)-categories even without an explicit model for
them. To end this chapter we will explore some of these properties that will play an important
role when discussing the stabilization hypothesis for E,-algebras in Chapter 4.

One important role of (n,1)-categories is that they form an analogue of Postnikov systems
for quasicategories. For a topological space X a Postnikov system is a sequence of topological
spaces T<,X, called the n-truncation of X, each with the property that m,,(7<,X) = 0 for
m > n, and Ty (T7<nX) = mn(X) if m < n. These spaces come equipped with inclusions
T<nX — T<p—1X which can be arranged into a tower

e — TSnX — Tgnle a4 TSQX — T§1X.
Moreover, for each n there is a canonical inclusion €, : X — 7<, X so that their limit induces

general topological spaces as a limit of simpler topological spaces. For a in depth discussion
about Postnikov towers, we refer the reader to [Hat05, §4.3]. There is a similar sequence given
by the inclusions of (n, 1)-categories h,,41C which will give an analogue of Postnikov systems for
quasicategories.

Proposition 2.4.10. There exist an (n, 1)-category h,C, called the homotopy n-category of
C, with the following properties:

1. There is a natural map 6, : C — h,C, which is an equivalence when C is an (n, 1)-category.
2. The mapping spaces of h,C(x,y) are n-truncated, i.e. m,(h,C(x,y)) =0 for m > n.

3. For every (n,1)-category D the mapping 6, induces an equivalence of simplicial sets
sSets(CD)=sSets(h,C, D).

Proof. See [Lur09b, Propositions 2.3.4.12 and 2.3.4.18] O

The homotopy n-categories of a quasicategory C form a system of quasicategories
coo = hpC = hp1C — -+ = hoC — hyC,

which we call the Postnikov system of C. We end this chapter with a relationship between the
mapping spaces of the homotopy (n,1)-categories and the truncation of the mapping spaces.
This will allow to describe an action of the n-homotopy groupoid of configuration spaces when
we discuss E,-algebras with values in a (n, 1)-category.

Proposition 2.4.11. Let C be a quasicategory, h,C its homotopy (n, 1)-category and let x,y €
Co be objects. Then there is an homotopy equivalence

Tgnc($7 y) = hnc(enxa Hny)

Proof. By the universal property of the pullback, the map of simplicial sets C — h,,C induces
a map of simplicial sets ¢ : C(z,y) — h,C(x,y). Moreover, since the higher homotopy groups
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Tm (heC(2,y)) vanish for m > n, by obstruction theory (see for instance [Hat05, corollary 4.73))
there exists a lift of the map ¢ with respect to the inclusion ¢, : C — 7<,C(z,y)

Tgnc(xa y)

We claim (Z) induces an isomorphism for all homotopy groups, then by Whitehead theorem it
determines an homotopy equivalence of topological spaces (we can make use of Whitehead’s
theorem since C(z,y) are CW spaces). We now prove the claim b} considering two cases:

1. Let m > n: This follows since both homotopy groups of 7<,C(x,y) and h,C(z,y) vanish.
The former by definition and the latter by Proposition 2.4.10.

2. Let m < n — 1: Tracing the definitions, the map C — h,C is given by
id x @ : A% x¢ 0 sSets(AL,C) — A xc . sSets(AL, h,C),

where ¢ : sSets(A!,C) — sSets(Al, h,C) is the map induced by postcomposition with
C — hyC. Thus, it is enough to show that ¢ induces an isomorphism on m-homotopy
groups for m < n — 1. Using the definition of the sSets enrichment we have

Tm(sSets(AY, h,C)) = sSets(A™ x Al h,C)/ ~,

where the equivalence is given by homotopy relative to the dA™. Since h,(A™ x Al) =
A™ x Al for m < n — 1, then Proposition 2.4.10 implies that ¢ induces an isomorphism
on m-homotopy groups for m < n — 1.

O
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Chapter 3

From Factorization Algebras to
oo-Operads

We will begin this chapter by presenting the physical intuition for a (pre)factorization algebra.
In parallel we will motivate the definition of an operad and its possible relevance to both physics
and mathematics. For this purpose we will follow the exposition of [CG21]. Factorization
algebras serve as a mathematical object to model the structure of observables in a field theory,
both classical and quantum. Thus to give a motivation of the definition of a factorization
algebra, we have to introduce the notion of observable and the basic principles they should
satisfy. Intuitively, an observable is anything you can quantitatively measure using a physical
device which is allowed to interact with a system. From an heuristic view point observables on a
classical theory should be smooth functions on a manifold C°°(U). One may also consider other
regularities for the functions and even allow the manifold to be a super or graded manifold,
however smooth functions in a topological spaces is enough for the intuition. On the other
hand, quantum observables should be some deformation of the classical observables C*°(U)
over a parameter 7 such that in the limit & — 0 we recover C*°(U). Lets try to axiomatize and
motivate some of the basic principles that an observables should satisfy.

Naive basic principles of observables:

e Principle 1: There exists an underlying manifold M, considered as the configuration
space or the spacetime of the system, and for each open U C M there is a set of observables

Obs(U).

e Principle 2 (Superposition): We should be able to add and multiply observables, in
other words Obs(U) should be a vector space.

e Principle 3 (Locality): An object, quantum or classical, is influenced directly only by
its immediate surroundings. This implies that, both in the quantum an classical setting,
we are allowed to make coherent simultaneous measurement as long as they are made in
non related spacetime patches. Thus if U, U’ C V are disjoint there should exist a map

* : Obs(U) ® Obs(U’) — Obs(V),

This axiom is particularly important in quantum systems, where Heisenberg uncertainty
principle implies that simultaneous measures on the same spacetime patch are incoherent.

The above discussed principles fits nicely in the definition of a prefactorization algebra.
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Definition 3.0.1. Let M be a manifold. A prefactorization algebra F over M in Vecy is
the data of:

1. A vector space F for every open U C M, together with linear maps tyy : F(U) — F(V)
for each inclusion U C V.

2. For every finite collection of pairwise disjoint open sets Uy, ...U, C V a linear map called
factorization product

HUy,. UpsV - f(U]) Q- F(Un) — .F(V)

The factorization product is associative in the sense that for pairwise disjoint families
{Uij}jzl,...mi c V; and {V;}iily'“y" c W, it holds

:1(“{%‘]')3'%) n

é @ FUy) l ® F(Vi)

“m m

Example 3.0.2. Let M = R. We present a prefactorization algebra in which we can see why
it is necessary to consider families of disjoint open subsets to define the factorization product:

1. For each open set U C R the factorization algebra assigns the vector space C°(U, TR) of
compactly supported vector fields on U, i.e vector fields of the of the form X = f0 for a
compactly supported function f € C.(U) . For an inclusion U C V' the compact support
condition allows to extend by 0 the smooth functions on U to smooth function on V', thus
there is an inclusion C°(U, TR) — C°(V, TR).

2. We claim that if UNV =0, f; € C(U) and fy € C*(V), then the product of vector
fields is a vector field. In general this is not true, however since f; and fo have disjoint
support we have,

h0(f20) = F1(0£2)0 + f1/2(0%)
= f1(0f2)0 (since fi and fo have disjoint supports).

Therefore, we define the factorization product to be the product of vector fields.

We see that without the assumption that UNV = () we could not have described the factorization
product.

Remark 3.0.3. A (strict) factorization algebra is a prefactorization algebra that satisfies a
local to global property. For completeness we state the factorization property, however it will
not play a major role in this work. A Weiss cover for an open set U is a collection of open
sets 4 = {U;};er such that for any finite collection of points x1,...x € U, there is an open
set U; € 4 containing all such points. A factorization algebra is a prefactorization algebra
F that is also a cosheaf with respect to Weiss covers, i.e., for every Weiss cover the following
sequence is an equalizer sequence

17wy =7 — FU),
i k
where the maps are induced by the inclusions.
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From both a mathematical and physical viewpoint principle 2 is too strict, intuitively we
should allow any category with both a notion of addition and tensor product to make sense
of observables and factorization algebras. Therefore is it natural to drop principle 2 and allow
for more general tensor categories or even, as is in the case of functorial field theories, allovi
higher tensor categories. For example in the physiscs literature it is common practice to consider
observables to take values in super vector spaces, to distinguish fermions and bosons observables;
or in chain complexes, to allow the introduction of antifields and ghosts, etc. [Cosll, CG21].
Thus to allow such generalization it is useful to shift the focus from the observables to the
structure they satisfy:

1. An indexing set given by the open sets of a manifold M.

2. Sets Op(Uy, ... Uy; V) parametrising the operations we can perform on observables depend-
ing on collections of spacetimes patches Uq,...U, and V. In the basic setup from above
this set should be just one element, encoding the factorization product, if Uy,... U, C V
are pairwise disjoint, and empty otherwise.

3. Whenever {U;;}jes C U; and {U;}icr C U there should exist an associative composition
between the set Op({U;;}jes; Us) and Op({U;}ier; U).

A prefactorization algebra then would be a concrete realization of the above structure on a mon-
oidal category. We have motivated the definition of an operad (the structure of the observables
of a physical system) and algebras over operads (the prefactorization algebras). We will now
formalize these concepts.

3.1 Operads and Algebras over Operads

In many branches of mathematics, one might be interested in some algebraic object internal to
a chosen category, for example groups on topological spaces, algebras on chain complexes, etc..
Thus it is useful to consider an external object, independent of the category in consideration,
controlling the algebraic behaviour of the desired structure; this is the concept of an operad. An
operad is a collection of abstract operations encoding an algebraic structure together with their
relations; for example: associativity, commutativity, Jacobi identity, etc. A concrete realization
of an operad on some (monoidal) category would give the desired algebraic structure on the
chosen category. In this section we formally introduce the definition of an operad and their sim-

iR P

plicial /topological enriched versions. Forthegeneral-theory of operads focused on topological
applications we refer the reader to [MSS02] or [Frel7:;—for an algebraic perspective of operads;

with emphasis on Koszul duality, we recommend [LV12] or the original work on this topic [GK94].

Definition 3.1.1. Let K be a set. A coloured operad O with colours K, denoted also (O, K),
is the following data:

1. For every finite collection of objects {¢;};cr, with ¢; € K and indexed by a finite set I, and
for every d € K, a set of operations O({c¢;};cs,d). We think of elements of f € O({¢;},d)
as single valued operation with multiple inputs f({c;}).
Sometimes for clarity we will drop the indexing set and just write O({¢;}, d).

2. A collection of composition morphisms
[Tobi}.¢) x O({es}. d) — O({bi}, d),
Jje€J
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moreover the compositions are associative, in the sense that the following diagram com-

mutes
I1 O({bi}.¢j) x T Oej} di) x O({di}, d)
jedJ keK
—
J [T O({},) x O({es} )
TT O{biticr di) x O({di}rexc. d) J
keK

\>

3. A collection of units idc € O({c}, ¢), such that for every f € O({¢},¢)
ideo f=f and fo{id.} = f(id.,...,id.) = f.

An operad is called symmetric if it has an action of the symmetric groups. Namely for
every finite set I, with |I| = n, and each o € S, a there is a map

" : O({citier, ¢) = O({¢cq,; tier, ©),

compatible with the operad structure.

Definition 3.1.2. Let (O, K) and (O, K') be colored operads. A morphism of operads is a
map ¢ : K — K’ together with collection of maps

Qb{ci};c : O({CZ}7 C) - O({(b(cl)}? QO(C)),

compatible with the operad structure. If the operads are symmetric we require that the maps
intertwine with the action of the symmetric groups. Coloured operads together with their
morphisms form a category denoted Op.

Example 3.1.3. In order to get some intuition lets consider a toy example of a (non symmetric)
colored operad O with colors K = {e,e e} and let S = {1,2,3,4} be a labeling set. An operation
in O will be represented by colored and labeled planar rooted tree, here we consider horizontal
trees with the root on the right. Colored means we choose a color in K for each vertex in the
tree, and labeled means we choose a label S, € S for tree. We will call the initial leaves (the
points in the left) of the tree as inputs while we call the root the output. Examples of elements
in the operation spaces O(e, 0 ole), O(e,0|e) and O(e, e|e) are the following:
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In the pictorical description the identities correspond to unbranched trees e — e, and the
composition of the above trees can be pictured as a concatenation of the trees where the input
colors (on the right) match the output colors (on the left). For example

- HO]EDe  E

The above picture can be generalized to any sets S and K, and describes the free coloured
operad on a (constant) set S with colors K. In general one may have different label sets for
each combination of input and output colors. Free operads are generated by trees of height 1,
like the top trees in the above examples, meaning any tree can be constructed by composing
the height 1 trees. In general coloured operads may not be free, however given a set of relation
on trees one may construct a new operad satisfying such relatiohs. We will not formalize such
description, however the reader should not find it hard to come up with a definition of quotient
operads to make the idea precise (or they might just check [KV94b, Section 2.1.3 ])

Definition 3.1.4. An operad is a particular instance of a coloured operad with one colour,
i.e. K = {x}. For each n € N denote O(n) := O({*}1<i<n, *), the compositions maps are of the
form

I o) x0omm) = on+--+np),

1<i<m

and there is just one unit element id := id,. Elements of O(n) are called n-ary operations.

Example 3.1.5. We can now formalize the discussion at the beginning of the chapter and
concretely describe the operad describing factorization algebras. Let M be a m-manifold. The
prefactorization operad is the colored operad Disj;, with color set

Disk(M) ={U C M | U is open and U is equal to a coproduct of disks},
and operation sets given by

x if Up,...U, CV and are pairwise disjoint

) otherwise

DiSjM(Ul,. . ,Un,V) = {

The units and composition are clear. The name prefactorization operad is not standard, however
due to its relation with prefactorization algebras it is an appropriate name.

Example 3.1.6. We now present an classic example in the theory of operads. This example
will be fundamental in the description of E,,-algebras in Chapter 4, and in the proof of the main
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theorems of this thesis. The associative operad Ass is the operad with sets of operations
Ass(n) :={<, | <, is a linear ordering on [n|} = S,, forn >1,

where the identification on the right is given by assigning to o € S, the linear ordering ¢ <, j if
o(i) < o(j) in the usual ordering of [n]. For n € Ass(m) and 7 := {on,} € [[;<;<,, Ass(n;) the
composition is given by

H Ass(n;) x Ass(m) — Ass(ng + -+ + 1),

1<i<m

nor(ay,...,axy,) =n(01(at, ., any),02(@n 41, Gnytng ), - -+ Om(AN—np» - - - AN))s

where N = Y n;. Element in the operations sets of Ass can be pictured by planar rooted tress
labeled by sequences (l1,...1,) with l; € {1,...,n} and [; < ; if i # j, where n is the number of
inputs. One should read such tree as the unique permutation mapping (1,...,n) — (I1,...1,).
For example some elements in Ass(2), Ass(1) and Ass(3), respectively, are

P—
i

—_
—_
[\

where these trees represent the permutations (12) € Sy, (1) € S7, and (321) € S5 respectively.
The composition gives a sequence on the total sum of the inputs, the sequence is determined
by concatenating the sequences in the inputs keeping the ordering given by the outputs, as an
example

\/
\4

It is not hard to see that Ass is generated as an operad by Ass(2) = {(12),(21)}, i.e. by the
planar trees

" P
9— 11—

To be precise this means any operation can be obtained as a finite composition p; o --- o uy
for p; € Ass(2). To keep track of the order of the operad compositions, we will associate a
bracketing to any decomposition of a planar tree into elements of Ass(2). For example consider
the following decomposition of a tree in Ass(5)
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1 1\ 3\
/

i>2 \ — i\l

1 \ / 17

1—2/ 2

((e(e0))(we)) (e0eee)

where we have described the bracketing below the tree. Let us note that this decomposition is
not unique, for example the 3-ary operation given by (123) can be represented by either of the
following compositions

1\ 1 1 =

9 >1 = T~ = 2 T~
_— b, 99—
3 g —

In fact the relation above, and its permutations, span the relations of the operad Ass, see
[Frel7, Proposition 1.2.7]. If we think of the decomposition in generators as bracketings, then
the relation states that it does not matter how we bracket the elements, as long as we keep the
same ordering. That is, this relation captures the notion of associativity.

Remark 3.1.7. To describe an operad which describes unital associative algebras we have to
introduce 0-ary operations, which should correspond to S° = %. We will add a unique 0-ary
operation that will be denoted by a x. This 0-ary operation has a unique 1-ary relation given
by the units relations

(o%) ’

In the future when we refer to Ass we will mean this unital version.
Definition 3.1.8.

1. A topological coloured operad is an operad such that the sets of operations are topolo-
gical spaces, which we call operation spaces, and the composition maps are continuous
maps.
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2. A simplicial coloured operad is an operad such that the sets of operations are simplicial
spaces and the composition maps are morphisms of simplicial sets. In the case all the sets
of operations are Kan simplicial sets we call the operad a Kan coloured operad and call
the Kan complex of operations also operation spaces.

Definition 3.1.9. We denote by D™ the unit disk centered at the origin in R™. An embedding
f : D™ — D" is called rectilinear if it is determined by a translation and a dilation, i.e. is of
the form

f(xl,...,xn) = ()\.Cbl +t1,...,)\$n+tn),

for some A t1,...,t, € R. The space of rectilinear embeddings of m disjoint disks
Rect(]],, D", D) is a topological space since it can be considered as a subspace of R™(+1)
determined by the parameters (A t1,...,ty).

Example 3.1.10. We present now one of the main objects of study of this thesis and the operad
we will mostly study in Chapter 4. The little n-disk operad Disk,, (m) is the topological operad
with spaces of operations given by rectilinear embedding of disks

Disk, (m) := Rect(] [ D", D"),

with units determined by the identity embeddings, and composition given by composition of
embeddings. As an example we can picture operations on Disks as circles embedded into a big

circle
@ ’ ‘ ’ ‘

The composition can then be pictured as

OB}@ @

Algebras over Operads

To obtain concrete algebraic structures from the abstract set of operations we need to realize this
operations as morphism in some fixed category. From the definition of an (symmetric) operad
one can see that to make sense of the operations we require a category with both a monoidal
structure and an action of the symmetric groups. Therefore define an algebra over an operad
one requires a symmetric monoidal category.

Definition 3.1.11. Let C be a symmetric monoidal category and let K be a set of colors. Then
for a collection of objects V := {V(¢)}.cx the endomorphisms operad Endy is the operad
with operation sets

Endv({¢i}i=1,.n.¢) :=C(V(c1) ®@--- @ V(cp), V(c)).
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The units and compositions on the operad are induced by those in C.

Definition 3.1.12. Let (O, K) be a coloured operad and let C' be a symmetric monoidal cat-
egory. An algebra A over the operad O in the category C is the data of:

1. A collection of objects V4 := {V(¢)}eek,
2. A morphism of operads ¢4 : O = Endy,.

Given two algebras (A4, V4,¢4) and (A, V., ¢4/), a morphims of algebras over O in C is
a map of operads ¢ : Endy, — Endv ,, making the following diagram commutative

Endy, ———— Endy,,

DG

Algebras over an operad O in C' with morphisms as above form a category which we will denote

Algp(C). ]

Example 3.1.13. From the discussion at the beginning of this chapter, and with the explicit
definition of the prefactorization operad (Definition 3.1.5), is easy to see that a prefactorization
algebra in vector spaces is the same as an algebra over the prefactorization operad in (Vecc, ®).

Proposition 3.1.14. An algebra over the operad Ass on (Vecc, ®) is an associative algebra.

Proof. The image of the unique color * determines a vector space V. Since the operad Ass is
generated by (12) € Ass(2), then a morphism of operads Ass — Endy is determined by the
image of (12). This image determines a product

pe(12) = p: VeV =V

Moreover, the relation in Ass

1 \
1 1 1
T~ _ 2 T,
P 2 ——2 —
y—
(o(e)) ((e0)e)
implies that u(a, u(b, c)) = p(p(a,b),c). This is exactly the associativity condition. O

3.2 A Model for co-Operads based in Quasicategories

We will be interested in algebraic structures up to homotopy, that is, where the constraint
conditions do not hold on the nose but up to coherent homotopies. As in the strict picture,
it is useful to consider a meta structure that upon being realized in a concrete (oo, 1)-category
gives the desired homotopy coherent algebraic structures. This is given by a theory of operads
in the realm of (0o, 1)-categories, known as oo-operads. Let us remark that, pretty much like
in the strict case, the structures of homotopy coherent algebras will (highly) depend both on
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the oo-operad and the (0o, 1)-category we are considering the algebras on. Before giving the
definition of the model of co-operad we will use, it is helpful to illustrate how to reinterpret
the operad data into a category. This will allow us to use the framework of quasicategories
developed in the first chapter to describe oo-operads.

Definition 3.2.1.

1. The category of pointed finite sets Fin, is the category with elements finite pointed sets
and morphism are pointed maps. We will denote the point by *. The finite pointed set with
n nonpointed elements is denoted by (n) = {x,1,--- ,n}, where * is the pointed element.
When considering arbitrary finite indexing sets I we will use the notation (I) := I U {x},
that is (I) = (|I]).

2. Similar to the surjective-injective factorization of morphism in Sets, every morphism in
Fin, can be uniquely factorized as g o f, where f is called active and ¢ inert. Precisely,
morphisms f, g : (n) — (m) in Fin, are called active if f~1(x) = %, and inert if g=1(4)
has exactly one element for every i # *.

We present the fundamental examples of active and inert morphisms which will be used
in later definitions. Let ¢, : (n) — (1) be the active morphism mapping every nonpointed
clendent to 1. On the other hand let P(nyi) © (n) — (1) be the inert morphism mapping
every element except i t point. Visualisation of these morphism can be seen in Figure
3.1, and an example of the factorization of a morphism into inert and active morphisms
can be seen in Figure 3.2.

G (3) = (1) Pn2) ¢ (3) = (1)

Figure 3.1: A picture for the active morphisms (,, and the inert morphisms p(, ;).

¥ = N W e Ot
¥ = DN W e Ot

Figure 3.2: A picture for a factorisation of a morphism in Fin,.

Definition 3.2.2. Let (O, K) be a coloured operad. The category of operators O% of O is
the category with:
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1. Objects, given by finite sequences of colours {c¢; };e; with ¢; € C;

2. Morphisms sets are given by coproducts of products of operations sets, namely

0%({citier-{d;}tjen) = [ []OUcitics—14)ds)- (3.1)

b I—J jeT

Explicitly, a morphism f : {c;}ier — {d;j}jes is given by a pair (¢,{f;}) of a map ¢ :
(I) = (J) in Fin,, and a collection of operations

{fitier € H O({cj}jeo1(): di)-

el

In words, the collection of operations have inputs labeled by the preimages of ¢ and outputs
labeled by the image of ¢. The composition and identities in O are induced by the operad
compositions and units. Notice that in the case that the operad is a topological/simplicial
operad the category of operators becomes a topological /simplicial category.

3. The category O® is equipped with a canonical forgetful functor p : O® — Fin,, given by

({citier) = I and (¢, {fi}) — ¢

The importance of the category of operators is that given O% together with the functor
p: O% — Fin,, then possible to recover the coloured operad O. Intuitively, the idea is that
the functor p has the information of both thé color set and of the decomposition of the hom
sets in Equation (3.1), and from such data one should be able to recover the colored operad
structure. More precisely, following [GH15] we have the following definition and result:

Definition 3.2.3. Let Catr/nFuilrL be the subcategory of Cat py,, defined as follows: the objects
are given by a pair of a category C and a functor C' — Fin, such that:

1. There exist a cocartesian lift for all inert morphism. In particular, each inert morphism
¢ : (n) — (m) defines a functor between fibers ¢' : (’)Z% — O%}'
2. For each n > 0, the functor
! ~

induced from p(m')! : (92% — O(?l) is an equivalence of categories.

3. The functor [)'(n . Of(C, ) — (’)?(n i)0¢>(0’ C;) given by postcomposition with p, ; :

C" — C, induces an isomorphism

~| . O® ®
[I Auy:05@c) = [ O, ...

i=1,...,n i=1,...,n

where Of(C, (") are those components of O®(C, C") above ¢.

The morphism in Cat;nF“i%* are functors in Cat pj,, that preserve inert morphisms.

Proposition 3.2.4. The construction assigning an operad its category of operations determines
an equivalence of categories (—)® : Op — Cat?i‘fllf.

Proof. For complete detailed proof see [GHI5, Proposition 2.2.5]. Here we only give a rough
sketch on how to recover the operad structure:
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e Color set K: Let O® p~1({1)) be the fiber category over (1), then the colours set can
be recovered as the OLJeCtS of this category.

e Operation sets: Denote the set of morphism in O®({¢;}, c) over an map ¢ in Fin, by
[] 05 ({ei}.0) = {f € 0% ({eidier.c) | p(f) = 0}.

Then operation sets can be recovered as O({c;},¢) = Og ({ci}, ) (where (s is as in E&ure
3.1).

e Composition: We first show how to obtain the decomposition in Equation (3.1) from the
functor p. It is easy to see that any map ¢ : (I) — (J) is the product of maps (y; for
I; = ¢71(j), which implies

{Cz} HOQ ({eitier; s ¢j)-

Moreover, we have that Fin.((I), (J)) is the coproduct over its elements. This implies the
decomposition (3.1). In particular, there there are immersions

[T oWbiticr, ¢j) = O2({bitier {cj}ien),
jer

and the composition on the category O® induce the operad compositions

O2({bi} {c;}) x 0%({ei}, d) —— O%({bi}, d)

J ]

HO({bZ}vc]) X O({Cj}7d) e O({bl}vd)

O

Thus colored operads (O, K) can be model@ categories together with a functor O® —
Fin, satisfying the conditions in Definition 3.2.3.

Quasiopelra'is-I ]

Definition 3.2.3 and Proposition 3.2.4 can be considered as the starting point for the definition'ef
quasioperads, which is the model for co-operads based on quasicategories due to Lurie [Lur09b].
The terminology quasioperad is not conventional in the literature. However we will use it to
make explicit that thid models relies on the theory of quasicategories, as opposed to other models
for co-operads like [CM11] or [Hau22].

Definition 3.2.5. A quasioperad (O%,p) is a quasicategory O% together with a map of
simplicial sets p : O® — N(Fin,) which satisfies:

1. w p is an inner ﬁb(l] i ith coCartesian lifts for all inert morphism (see Definition
13T and Definition 1.¢.:'Um_)7.jwln particular, every inert morphism ¢ : (n) — (m) in
N(Fin,) defines a functor between fibers ¢' : (’)fi> — O%m.

2. For each n > 0, the functor
! . ~ n
L1 #ws : O = O



induced from chosen lifts p(m)! : O% — O% is an equivalence of quasicategories.
3. The functor f)!(n,i) Of(C’, c) — O?(n,i)oqﬁ(c’ C!) given by postcomposition with

Pny) : C' = Cf, induce an equivalence of Kan complexes

iy 0%6(C,CN =[] 05 s(C.C),

i=1,...,n i=1,...,n
where Of(C, (") are those components of O®(C, C") above ¢.

Remark 3.2.6. This definition can be seen as the requirements to reconstruct the colored
operad O from its category of operators O%® and the forgetful functor p : O® — Fin,. Condition
1 is the technic placement of the fact that p is a forgetful functor. Condition 2 ensures that,
up to homotopgjects in a quasioperad are finite sequences of colors. Condition 3 ensures that
the homorphism spaces of a quasioperad have a decomposition homotopic to the decomposition
in Equation (3.1).

As in the case of quasicategories, one may construct rich classes of examples for quasioperads
from a nerve construction.

Definition 3.2.7. Let O be a topological colored operad and O® its category of operations.
The operadic nerve N®(O) of O is the homotopy coherent nerve of O® together with the
forgetful map Np: N(O®) — N(Fin,) induced from p : O® — Fin,.

Proposition 3.2.8. Let O be a topological operad. Then the operadic nerve (N®(Q), Np) is
a quasioperad.

Proof. The cor¢ 0? tg?s proposition was already proved in our discussion about reconstructing o
from (O, p) and In the comments in remark 3.2.6. First of all, since O is a topological category

it follows, by 2.1.10, that N(O) is a quasicategory. Now to_check the conditions:

1. This is technical and the proof can be found in [Lur09b, Proposition 2.1.1.27.]

2. This follows from the definition of the objects in O® and the fact that K = O%’). I:l

3. The decomposition of morphism spaces from the definition of O® (equation (3.1)) gives
condition 3. In fact we have equality in this case, and not just homotopy equivalence.

O -
For each of the operads we have introduced in Section 3.1 we can consider its associated
quasioperad via the operadic nerve construction.

Example 3.2.9. Let M be a manifold. The prefactorization quasioperad Disj,, is the
peradic nerve of the operad Disj;,;. Since Disjfa[ is a discrete Kan category, then by Lemma
1.12 Disj,; = N(Disj%;), where on the right we mean the nerve as a category.

DN —

Example 3.2.10. The little n-disks quasioperad E,, is the operadic nerve of the topological
operad Disk,,. We will come back and study this quasioperad in detail in chapter 4. For example,
we will show that locally constant Disjpn-algebras are equivalent to E,-algebras. We will also
explain how E,-algebras give intermediate structures between homotopy associative algebras
and homotopy commutative algebras.
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Example 3.2.11. The associative quasioperad Ass is the operadic nerve of the associative
operad Ass. Again, since the operad is discrete Ass = N (Ass®), where the nerve on the right is
the nerve as a category. For the proofs of Theorems 0.0.3, 0.0.4, 0.0.5. and 0.0.6, we will need
an in depth description of the quasioperad Ass.

Recall that the category of operator Ass® has objects labeled by natural numbers, and
morphism spaces are given by [] :(m)—(n) ng i<n Sg-1(j)- Thus a morphism is given by a pair
(¢ : (n) — (m),{0}}je(m)), where ¢ : (n) — (m) is map in Fin, and o; is a linear order in
#~1(j). Thus an element in the nerve can be represented by disconnected families of labeled
trees, where the roots are labeled by the codomain of the map. We call such a family a forest.
The dimension of a simplex is represented by the length of the forest and each forest is labeled
by a permutation on its input leaves. For example, a forest looks like

T—e

H—e °

6—o ° °
1—e

3—0\0 .
2—e o —— o
4—0/

We will now begin to restrict the kind of forests that we need to consider in order to understand
the algebras over Ass:

1. To know simplicial maps out of Ass it is enough to consider trees, since a general forest is
a coproduct of trees.

2. Since a map of simplicial sets is characterized by the images of the nondegenerate simplices,
we can restrict ourselves to nondegenerate trees, i.e those for which the number of leaves
always increases with the length of the tree.

3. Since the operad Ass is generated by Ass(2) and Ass(0), it follows that every tree appears
as the face of a full binary tree. Thus we may restrict to full binary trees. See Figure 3.3
for an idea of how these trees look likEl

4. (To be read just after Proposition 3.3.6) At last, in this thesis we will restrict ourselves to
Cartesian monoidal structures. By the property of lax Cartesian morphisms we see that
a permutation of the labeling of the tree is associated to a permutation of the domain of
the morphism C™ — C. Thus if we fix an order on the product, we may omit the labeling
on the trees.

Therefore, to understand algebras over the quasioperad Ass we can restrict ourselves to
study the images of (unlabeled) nondegenerate binary trees. Now, the face maps in N(Ass®)
can be pictured as decreasing the length of the tree by merging vertices along common edges
(or forgettin, e initial edges). For an example of how the trees and how their faces look like
see Figure 3.3 A more precise, but technical, discussion of the above statements can be found
in [Lurl2; Proposition 4.1.2.10].
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° ° \
\ X [ ) [ ]
S PR
(((s0))®) ((+)¢)
[ ) \ [ ]
[ ] [ ] [ ] > [ ] [ ] [ ] E; [ ]
(((e)e)e) ((eoe)e)
: \ ° : > °
[ ] [ ] \ [ ] % o — .\
[ ) [ ] [ ] > [ ] o — 0 > [ ]

(((e0)e)e) ((e0) @ e)

Figure 3.3: Examples of the faces of a length 3 tree.

3.3 Algebras over Quasioperads

As in the case of (strict) operads, one of the main interest is to consider algebras over them.
These should model the homotopy coherent algebras we are interested in. However in order to
mimic the definition of algebra from the strict setup we require a notion of symmetric monoidal
quasicategory and its associated quasioperad of endomorphisms. From the operadic perspective
we should be interested in the endomorphisms operad End(C') described by a symmetric mon-
oidal category C, thus symmetric monoidal quasicategories should be considered as particular
cases of quasioperads. We will give a definition and then give the intuition for it.

Definition 3.3.1. A symmetric monoidal quasicategory (C?,p) is:

1. A quasioperad (C®,p) such that,

2. the map p : C® — N(Fin,) has coCartesian lifts for all active morphism.

Equivalently, since quasioperads have cocartesian lifts for all inert morphism and every morphism
has a inert/active factorization, p is a coCartesian fibration. We refer to C := C% as the
underlying quasicategory of C%®.

Lets try to motivate the condition 2 above. Let C® be a symmetric monoidal quasicategory,
and let §é2> : C% — C% be a coCartesian lift of (5. We thus have maps



and upon choosing an inverse for the equivalence || p!(n i) for which there are a contractible space

of choices, we have maps ®,, : C*™ — C which determine a monoidal product ®, : C*™ — C. We
now show how this product is homotopy associative and homotopy symmetric:

e Associativity: Since the space of cocartesian lifts is contractible we have that Cé and
45 o (C2 x id) are homotopic in sSets(C3),C) as both are defined by a cocartesian lift of (3.
Repeating the argument with the composition (20 (id X (2) we have the chain of homotopies

(®2 X 1) ~ Qg3 ~ (1 X ®2),
implying homotopic associativity. Essentially the same argument gives homotopies

between higher associativities given by all possible bracketings in n elements.

e Symmetry: Choosen :C" — Cfi) an inverse of the equivalence given by [| p!(n) ;- Leto €S,

and let ¥, : C*™ — C*™ be the equivalence of quasicategories given by permuting the
factors of C*™ by ¢. Then noX, will also be am inverse of [ | p!(n)yi, implying ®;, ~ ®, 0%,
for any o € S,,, this captures the homotopy symmetry.

We may now use the intuition of strict operads to give a definition of algebras over quasiop-
erads.

Definition 3.3.2. Let (0%, p) be a quasioperad. A 1-simplex f € (0O%); is active if p(f) is
active; and f is inert if p(f) is inert and f is a coCartesian lift of p(f).

Definition 3.3.3. Let (O%,p) and (O'®,p’) be quasioperads. A quasioperad map is a map
of simplicial sets f : O® — O’ such that

1. It commutes with the quasioperad structure

0% f 0%

N (Finy)

2. The map f preserves inert morphisms.

Definition 3.3.4. Let (0%, p) be a quasioperad and C® a symmetric monoidal quasicategory.
An algebra A over the quasioperad O in the quasicategory C, or a O%-algebra in C,
is a morphism of quasioperads ¢4 : O% — C®.

The O%-algebras in C® form an quasicategory denoted Algps(C?), namely Algys (C®) is
the full subquasicategory of sSetsN(Fin*)((’)@,C@) spanned by those maps that preserve inert
morphisms.

In general describing a symmetric monoidal quasicategory and algebras over it is not an
easy task. On one part due to the technical definitions given, and on the other part because
this requires to describe morphism of simplicial sets satisfying several properties. Our approach
to describe algebras over quasioperads is to consider a particular kind of symmetric monoidal
quasicategory for which algebras over them are easy to describe.

Definition 3.3.5. Let (O, p) be a quasioperad and C a quasicategory. A lax Cartesian functor
is a map of simplicial sets 7 : O® — C satisfying the following condition:
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e Let C = (C4,...,Cy) be a an object in O‘a) >~ X" We require that the maps m; : 7(C) —
7(C;) exhibits w(C') as a product II;<ij<,m(C;) in C.

Let sSets™™(O®,C) be the full subquasicategory of sSets(O®,C) spanned by lax cartesian
structures. We will use the following fact:

Proposition 3.3.6. For every quasicategory C with finite limits, there exist a symmetric mon-
oidal quasicategory (C*,p), called the cartesian symmetric monoidal category of C, such
that for any quasioperad O® there is an equivalence of quasicategories

Proof. See [Lur09b, §2.4] for the existence and construction of C*. For the proof of the pro-
position see [Lur09b, Proposition 2.4.1.7]. For the interested reader we also discuss Cartesian
symmetric monoidal quasicategories in Appendix C. O

Proposition 3.3.7. The simplicial set Cat(,,1) and Gray have finite products. In consequence
there exist a Cartesian symmetric monoidal quasicategories Cat* and Gray™.

Proof. We will just prove it for Cat(y 1), since the proof for Grays ) is similar. Let I be a
finite set, and let (by abuse of notation) I be the discirte simplicial set eith objects I. Then
a diagram K — Cat(y ) is a collection {C;}ier of categories indexed by the finite set I. The
Cartesian product [[C; is the category with objects ([]Ci)o = [[(Ci)o and mapping spaces
[T1C:({x:},{v:}) =[] Ci(z,y). The composition and units are defined pointwise. By definition a
functor D — [] C; is given by a product of functors F; : D — C;, and a natural transformation «
between functors F, G : D — [] C; is given by a product of natural transformations «; : F; — G;.
Thus there is an equivalence of categories

[ ]Cat(D, [1¢) — [] cat(D,Cy) x Cat(D, [[ Ci).-

@Lposition 1.3.9, together with the fact that the nerve of categories is fully faithfull (Theorem
2.4.7), we obtain the desired result. For Gray s ;) instead of considering the product of hom sets
one should consider the product of hom categories. O

3.4 Monoidal Categories as Ass-algebras

To finish this chapter we will present an algebra over the quasioperads Ass and show how
perads can capture the idea of homotopic coherent algebras. Together with pron
4.1.1 in Chapter 4, the results of this section gives a detailed proof of Theorem 0.0.3: A Ei-
algebra in (Catéyl) is a monoidal category. This result was already stated by Lurie in [Lur(09a,
Example 5.1.2.4], nevertheless here we present a detailed description that enlightens the role
of quasioperads in the description of homotopic coherent algebraic structures. Moreover, our
method can be naturally extended to higher (n,1)-categories provided that there is a (good)
nerve construction for them. We will look at the example of the quasicategory Gray in Chapter
4, and arrive to what is known in the literature as monoidal 2-categories.

Proof of Theorem O.QH Chapter 4 we will prove Ass = E; as quasioperads, thus describing
Ass-algebras and [Ei-algebras is equivalent. Now, by definition an Ass-algebras on Cat* is
determined by a lax Cartesian map ¢ : Ass — Cat. Denote by C' := ¢(e) the category determined
by the image of the only color in Ass. Then, ¢ is lax Cartesian if and only if ¢((n)) = C*". To
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1] 1]

describe ¢ we will look at the images of the simplices in Ass, by using the explicit description
given in Remark 2.2.12 and Example 3.2.11.

e 1-simplices: We consider trees of length 1. The images for these morphisms determines a
monoidal product ® : C' x C'— C and a unit I : C° — C, where CV is the category with
one object and one morphism.

o——e 5 2 %c

— co Ly o

e 2-simplices: We now consider trees of length 2, and the images are given by filled triangles.
We briefly explain how to get the image triangle. The vertices are labeled by the number
of points, thus n points means an vertex is labeled by C™. The edges are given by the
faces in the nerve N(Ass), thus the upper edges in the triangle are given by forgetting the
first and second morphism in Ass, respectively. Meanwhile the lower edge is given by the
composition of the morphism in Ass. In the below pictures these is given by the unique
map (3) — (1) which we denote by Fs.

Using the assumption that «q, as are invertible natural transformations, we can invert one
of these morphism to get an associator o := ay'a; : ® o (® x id) = ® o (id x ®)

\
\/



Likewise we can find the unitors r : ® o (id X I) = id and [ : ® o (I X id) = id as the
images of the following trees:

e — o zV' \
S
x— 0 — @ —

(.*) CXCO—>C
*x —— @ IV \
\
o — o — o —
(*.) XC‘)C

e 3-simplices: We now consider trees of length 3 and the images are given by filled tetahedra,
which we draw as an equality of pasting diagrams.

° 03 03
. ~__ . ®><z‘d><V Yfz‘d ®><id><V Yfid
. . T~ . Va1 xid
~ oot em | s 2 T ' —— O
[ ] [ ] e — o \ Fs il772 3 X1
eo)e)e Fy ‘A Fy ‘A
(((e0)o)e) e o
° 03 03
. ~__ . idx@xV \@jid id><®><V' \@jid
o \ o \ o { agxid
<« oot em|ea 25 o0 2
° ° e — o \ P Une F3xid
o(e0e))e Fy ‘A Fy ‘A
((o(ee))e) e o
° 03 C&
. ~__ . idxidV Ym‘dx@ idxidwy \@jid
N \ o \ o &
\ N — 04 <5 < o CQ = 04 e CQ
b i ¢ — \ Fs I &
oo) (oo Fy % Fy A
((o0)(oe)) i o
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° 03

° \ ° ®><z’d><V de@ ®><wl><V idX®
&

* '\' — 4 < “a 2
~__ C n 2 O —

e NCF% \ /

|/

: T~ o idx@xVCBYx@) zdx®xV Yxé@
.\.i.\ G Yidxen S

(o((s)e)) N F/ \ /
° c3

° T~ ° idxidxX® idx® idXidXxX® idX®
\ | idxas

T~
.\o . —> Lt e | =a md
oo N F‘“/ S /

We can reduce the dimensionality of these pictures by considering them as 1-cells in the
category (Cat(gvl)(C‘l, (). For example, the below tetahedron is a commutative square of
2-cells

|/

03

idX®Xid ®Rxid 1dX®Xid ®xid
| agxid

04 <= n3 <= a1

\F/ \7

Hg,l o x(idx @xid) F30 (’Ld X @ X ’Ld)
R+ (axid) n3
® o (F3 X ’Ld) s Fy

where Hy 1 is the composition ® o (® x id) o (id x ® x id). We will generally omit the
vertices of the diagrams when doing such reductions, since they can be read from the
pasting diagrams which define them. Using this reduction in dimension we can arrange
the above tetrahedrons, which now become squares, into a pentagon diagram. Upon using
the definition of the associator o = ay lo1, and using the inverses of the commutative
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squares, we can arrange all the data to construct Mac Lane’s pentagon diagram.

(((e0)e)e)

(e(e(ee))) —— (e((e0)e))

idXa] 1042

On the other hand, to get the the coherence for the right and left unitors consider

C3

C3
e — o ~_ idx[V X’f@ idXIV X‘cix@
* — @ ° 4 idxl
\

e 0000 = | Em @2 T 0000 s 2

(o(x#)) & F% \ /

C

|/

C3

C3
e — o idx Ixid ®xid idx Ixid ®xid
\
* —— o —— @ U rxid

e T 0NCNC = | Em 2 T 0000 s O
((ox)e) & F% \ /
c

Which again can be reduced in dimension when we consider the above as 1-cells in Cat(C' x
C%x C,0)

|/

®o (o xid) —2+ F3 +2— ®o (id x o)

which, again inverting the commutative square with as, gives the coherence between unit-
ors.

We conclude that an Ej-algebra in Cat* determines a monoidal category. Moreover given a
monoidal category (C',®’,a’) one can build a a Ej-algebra by setting most of the above data
to be the identity; for example in the above notation one should set a; := o, ao := id and just
of the 1 and 72 to be nondegenerate.
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Chapter 4

E,,-Algebras on Low Dimensions

The purpog‘this chatho present the Qresults to describe E,-algebras on (m,1)-
categories for low m. In particular we prove the main theorems of this work: Theorem 0.0.3,
Theorem 0.0.4, Theorem 0.0.5 and Theorem 0.0.6. We begin this chapter by showing that locally
constant (pre)factorization algebras over R™ are equivalent to E,-algebras. Thus connecting the
title of this thesis with its main results. To avoid introducing additional concepts, that would
obscure the main idea of the argument, we will restrict the discussion to the case where the
base manifold is R"™. However we remark that the argument works for more general manifolds
equipped with a tangential structiire. A reader interested in locally constant factorization al-
gebras for general manifolds, the relationship with tangential structures and variations of the
E,-operad, may consult [AF15] section 2 or [Lur09a] sections 3.1 and 3.2. We begin with a
formal definition of locally constant prefactorization algebras.

Definition 4.0.1. A locally constant prefactorization algebra in R" on a symmetric
monoidal quasicategory C® is a Disj,, := Disjgn-algebra on C®

F : Disj, — C%,

such that for every inclusion j = (U C V C R"), seen as a 1-cell in Disj,, over id(1y, the map
F(j) is an equivalence in C.

The idea to prove the equivalence of locally constant (pre)factorization allgebfals an(LErl
algebras is to relate the quasioperads Disj,, := Disjp» and E,, of examples 3.2.9 and 3.2.10. For
this we will start by introducing a quasioperad equivalent to Disj,, that will allow us to make a
comparison to [, more easily.

Definition 4.0.2. Let Disj/, be the colored operad with color set
Disk(M) = {j : D" — R" | j is a rectilinear embedding},
and operation sets Disj!, ({j1,- .-, Jm},J) given by commuting diagrams of rectilinear embeddings
L, " ———— b»

- (4.1)
u% o /

such that the im of j; are disjoint. The compositions are given by composing the horizontal
embeddings in 4.157nd units are given by the identity embedding.
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Since rectilinear embeddings are characterized by their image we can conclude the following:
if the images are disjoint and im(j;) C im(j) , then Disj, ({j1,.-.,Jm},J) has only one element;
furthermore Disj,, ({j1,.-.,Jm},J) is empty otherwise. Define a map of operads ¢ : im : Disj/, —
Disj,, by the following data: |:|

1. On color sets, it sends an rectilinear embedding j : D — R™ to its image im(j) C R™.

2. On operation spaces, it sends the unique commutative diagram as in 4.1 to the unique
element of Disj(im(j;),...,im(j,);im(5)).

Lemma 4.0.3. The map of operads im : Disj/, — Disj is an equivalence of operads. Therefore,
there is an equivalence of quasioperads N (im) : Disj;, — Disj,,.

Proof. Since rectilinear embeddings are characterized by their image we have that v induces
an isomorphism on colors. Moreover, since on both cases operation spaces are given by one
objects or the empty set (given by the same conditions), then we see that it also determines
isomorphisms of operat@ces compatible with the operad structure. O

Using the explicit description of the low dimensional simplices in the homotopy coherent
nerve from example 2.1.11, we can see that 1-simplices of E,, are given by (coproducts of)
rectilinear embeddings j : [],, D™ — R", while 2-simplices are given by (coproducts of) pairs of
embeddings ji, j2 : [[,,, D" — R™ and a homotopy between them

L, p* ——m [, b”
k‘ Ign % (4.2)

Thus the objects in the operads E,, and Disj,, are @ same, however their morphisms are
different. On one side, morphism of Disj,, are commutative diagrams as in 4.1, while morphisms
in E,, are homotopy commutative diagrams as in 4.2. Informally, E, is a topologised version
of Disjl,. The important fact is that the inclusion Disj;, — E, becomes an equivalence of
quasicategories after fnverting the diagrams in Disj), that are homotopy equivalences.

Theorem 4.0.4 ([AF15]). Let Z,, C Disj/, be the quasicategory span the same objects
of Disj,, but only those morphisms whose image in E,, are equivalences then the pair E,
and Disj,, — Ex-is-4 localization of quasicategories (see Definition 1.3.2).

Proof. See [AF15] Propesition 2.19. O

Corollary 4.0.5 ([Lur09a]). For every symmetric monoidal quasicategory C® the map of sim-
plicial sets Disj,, — E,, induces a map of quasicategories Alg(E, ) — Alg(Disj,,), whose image is
the full subquasicategory spanned by the locally constant (pre)factorization algebras.

Proof. An algebra over the operad Disj,, lies in the image of Alg(E,) — Alg(Disj,,) if and only
if it can be factorized as
Disj,,
E, —— C®

By Theorem 4.@'@ the definition of a localization, such a factorization occurs if and only if,
1-cells in Z,, are mapped to equivalences in C®. Since any two embeddings t1, 9 : [[ D" — R”
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are homotopic ( R™ is contractible) we have that these are exactly all prefactorization algebras
such that for every a = (U C V') the map F(«) is an equivalence. These are exactly the locally
constant factorization algebras. O

Thus Eg-algebras are a very specific cases of general factorization algebras. Nevertheless, as
we will see, the study and description of E,-algebras is not trivial and actually considering
them on (n,1)-categories gives a new light to many objects in higher category theory and
representation theory.

4.1 Tensor product of Quasioperads and Dunn’s Additivity

We will now embark our study of the structure of E,, algebras on (m, 1)-categories for low m.

E;-algebras as Associative Algebras

Proposition 4.1.1. There is an equivalence of quasioperads E; = Ass. We conclude that for
any symmetric monoidal quasicategory C®, there is an equivalence of quasicategories

AlgIEl (C®) = AlgAss (C®)

Proof. We will identify Dy with (0,1). Every rectangular embedding f : [,,(0,1) — (0,1)
determines and is determined, up to homotopy, by a linear orderi@n the set {0,...,m — 1}.
Indeed, one can define i < j if f;(t) < f;(t) for all t € (0,1), where f, is the m-th component
of the embedding f. For an example of this maps see Figure 4.1.

NS

1
s b s S = 1<3<2

Figure 4.1: Ordering on {1,2, 3} determined by an embedding [, 53 D! — D!,

The above assignment induce a continuous map ¥ : Rect(]],,(0,1),(0,1)) — S,, with con-
tractible fibers. Therefore we conclude there is a homotopy equivalence

Rect(]J(0,1),(0,1)) = Sy,

which is compatible with the corresponding operads structure. These homotopy equivalences
induces a weak equivalence of topological operads Disk; — Ass, which upon applying the
homotopy coherent nerve gives our desired equivalence E; = Ass. O

Tensor product of Quasioperads

The second result to study the structure of E,-operads on (n, 1)-categories is Dunn’s additivity,
which characterizes Ej1-algebras as E;-algebras on Eg-algebras on C. To state properly this
thieorem we should first discuss the tensor product of quasioperads. For this we will follow
[Lur09b].

Definition 4.1.2. The wedge product of pointed finite sets A : Fin, x Fin, — Fin as follows:

1. On objects, it is given by (m) A (n) = (mn).
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2. On morphism, it maps a tuple f : (n) — (n) and g : (m) — (m’) to the map f Ag
determined by

*, if f(pur) = * or g(u2) = *,

4.3
f(p1) + g(pe)n’ —n’  otherwise, (4.3)

ng(ermn—n):{

where 1 < 3 <nand 1 < po < m. I:l

Example 4.1.3. The definition of the the wedge product will be important when we discuss
Eq-algebras, thus here we will show an example of (4.4). Consider

9 9 9
1 1 1\1
f:(2) = (2) g:(2) = (1)

Then the wedge products f A g and g A f are given by
4 —_ 4
3 2 3 I — 2
2 2 — (4.4)
1 1 1

* * * *

fAg:4)—(2) gAfi(d) —(2)

This will later be associate%l the appearance of a braiding on Es-algebras. Loosely speaking,
morphism on the left of 4.4 will be associated to a product (X7 ® X2, X3 ® X4), while the
morphism on the right of 4.4 will be associated to a product (X; ® X3, Xo ® X4). However, after
postcomposing with the unique product over the morphism (2) — (1) both of this products
should be homotopic to the unique product associated to the morphism — (1). Thus we
will have an homotopy X1 ® Xo ® X3® X4 ~ X1 ® X3 ® Xo ® X;. We wil this discussion
rigorous after formally stating Dunn’s additivity theorem (Theorem 4.1.8).

Example 4.1.4. One important case we need to consider are the wedges of the inert morphisms
P(n,i) N\ P(m.j) + (nm) — (1). We have

1, for g1 =1 and pe = j,

P(nyi) N Pimj) (1 + pan —n) = { (4.5)

* otherwise,

where 1 < py < n and 1 < ps < m. Intuitively, if we divide nm into m blocks of n elements,
then p(, ) A p(m,j) picks the ith-elements in the jth-block. We remark that p(, ;) A p(m ;) and
P(m,i) \ P(n,j) are different. For example, let (nm) = {1,2,3,4,5,6, %}, then we can tabulate the
unique element mapping to 1 for different wedge products:

\(izl,jzn (i=1,j=2) (z‘=171=3>\<z’=27j=1> (i=2j=2) (i=2j=
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\(z‘:l,j:n (z‘:17j:2)\(z‘:27j:) (i=2,j= )\(z’:&j:) (i=3j=

3,5 N P2.j) ‘ 1 4 ‘ 2 5 ‘ 3 6

Definition 4.1.5. Let O%® and O'® be quasioperads. A bifunctor of quasioperads is a map of
simplicial sets O® x O'® — O"® such that:

1. the following diagram commutes,

0% x O® — - O

| |

N(Fin,) x N(Fin,) —2— N(Fin,)

2. for every pair of inert morphisms o € O and 8 € O}, the image f(a,f) is a inert
morphism in 0",
Denote by BiFunc(O®, 0'®;0"®) the full subquasicategory of sSetsy pin,) (0% x 0%, 0"®)
spanned by the bifunctors.
Definition 4.1.6. Let 0% x 0'® — O"® be a bifunctor. We say (O”®, f) is an operadic

tensor product, if for every quasioperad C® precomposition with f induces an equivalence of

quasicategories
Algpis (C¥) =5 BiFunc(O®, 0'®;C%).

Remark 4.1.7. If (O%®,p) and (O'®,p’) are quasioperads, then by the definition of quasioperad
there is a natural isomorphism

nm

nm
H (p(n,i) A p(mJ)) : O%ﬂ X 02(78;0 1> H(Of% X (9“?1)) = H(O® X (9/®)<1>.
k=1

1<isn, 1<j<m k=1
Thus a general element in Ofi> X (92% is a pro f nm elements in (O® x O’ ®)<1>. Notice
that the order of this product depends on the f n and m, since in general p, ) A P(m.j)

is different from p(, ) A pn,i) (See Example 4.1.4).

Dunn’s Additivity
Our goal is to construct a bifuntor of quasioperads f : Ep X Ep — Egypr so that (Egip, f) is a

tensor product. To begin we will consider the functor of topological categories

ciale® o ) 1o ®
x : Disk,’ x Disk;; — Disk’, 1/,

defined as follows:

1. On objects, which are canonically isomorphic to Fin, since the color set is a point: the
functor is given by the wedge product A : Fin, A Fin, — Fin,.

2. Let (a,¢) € Er((m),(n)) and (8,v) € Ei((m),(n)) be morphism. Explicitly,
¢ : (m) — (n) and ¢ : (m’) — (n') are maps in Fin,, and

ac [ Reet( [T D*D*) and Be ] Rect( J] D* D).
1<j<n »=1(j) 1<j<n (@)
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We define the product (o, @) x (8,%) = (a X 8,d A1), where o X 8 is given by component
wise product, i.e.

(OZ X ﬁ)i,i’ =4 X Bi’ : H Dk+k/ — Dk+kl.
B~ (@)xy1(4)

Here we used a fixed homeomorphism DF x DF o DA,

I R

- ]

N
J >< 7 U

Figure 4.2: Exalg_glle of the product of two rectilinear embeddings in D! which gives an embed-
ding in D?.

;
C

m
N>
m

In Figure 4.2 the reader can see an intuitive picture of the product of E; operads. Notice
that by definition X : Disk%’ X Disk% — Diskgrk/ maps inert morphisms to inert morphism and
we have a commutative diagram of topological categories

Disk? X Disk% — Disk®

k+k'
Fin, x Fin, SEASEEN Fin,

Taking the homotopy coherent nerve we obtain the desired bifunctor of quasioperads.

Theorem 4.1.8. Let k, k' > 0. Then the map of quasioperads
N(X) cEp x Epr — Ek+k’7

is a tensor product of quasioperads. In particular, for any symmetric monoidal quasicategory
we have an equivalence of quasicategories

Alg]Ek+k, (C®) = BiFunc(]Ek, Ek/; C®)

Proof. The theorem was first carried in theltopological setting by Dunn in [Dun88]. Later it
was proved for quasioperads by Lurie in [Lur09a, Theorem 1.2.2.]. O

Definition 4.1.9. Let C be a quasicategory with finite limits and (O®,p), (O'®,p’) a pair of
quasioperads. A lax Cartesian bifunctor is a map of simplicial sets 7 : 0% x 0'¢® — C
satisfying the following condition:

o Let C'x D = (Cj, Dj)i<i<n,1<j<m be an object O% X (’)zfi> = églm We require that the

maps m;; : 7(C) — w(Cyj) exhibit 7(C) as an a product II1<j<p1<j<mm(Cj;) in C.

Let sSetsPHX (0% C) be the full quasicategory of sSets(O® x O'®, () spanned by lax Cartesian
bifunctors.
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Proposition 4.1.10. For every quasicategory C with finite limits and every pair of quasioperads
0%, O' there exist an equivalence of quasicategozies

BiFunc(0®, 0'®;C*) = sSetsP % (0% ¢).

Proof. The proof is a slight generalization of [Lurffib, Proposition 2.4.1.7]. Due to its technical
nature we will postpone it to Appe , wheé ill discuss Cartesian symmetric monoidal
quasicategories. O

Remark 4.1.11. By Theorem 4.1.8 and 4.1.10 to understand an Eg-algebra on a Cartesian
monoidal quasicategory C we need to consider maps of simplicial sets out of Ass x Ass that are
Lax Cartesian bifunctors. In order give an explicit description of Eg-algebras we first restrict
the simplices that we need to consider:

1. It is enough to consider products of trees, since in general a product of coproducts of trees
is a coproduct of products of trees.

2. We can restrict to nondegenerate simplices. Since the degeneracy of the product is the
product of the degeneracies, we see that nondegerenrate simplices are represented by
product of trees that do not have all a horizontal branch in the same place. For example,
the product in the left is nondegenerate while the one on the right is degenerate:

T B e

3. Since the operad Ass is generated as an operad by Ass(2) and Ass(0), it follows that every
tree appears as the face of a full binary tree, thus we may restrict to products of binary
trees.

4. Again, in this thesis we will restrict ourselves to Cartesian monoidal structures. By the
property of lax Cartesian bifunctors we see that a permutation of the labeling of the tree
is associated to a permutation of the domain of the morphism C™" — C. Thus if we fix an
order on the product, we may omit the labeling on the trees.

5. Let ¢ : E; x Ey — C* be a Lax Cartesian bifunctor and let C be the image of the unique
objects in (Ass x Ass)ny. If (o, 8) is a pair of trees over (n) — (n') and (m) — (m/)
respectively, then p(a, 8) corresponds to a map C™ — cn'm’ (the structure of this maps
is determined by the wedge product of finite sets). By our restriction on the trees we will
be considering it is enough to understand this map for the following cases:

o First o = p;; is the tree over (n) — (n — 1) joining the ith and jth inputs and f is
the unit tree. For example,

In this case the map C™ — C(™=D™ can be described as follows: divide C™ in m
blocks of n elements, then take the product of the ¢th and jth elements in each block
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[]

to obtain m blocks each with (n — 1) elements. Equivalently we are applying the
multiplication map C™ — C™~! simultaneously on the m copies of (C™)™ to obtain
a map (C™)™ — (C=1)™, For example, for the tree in (4.6) the map is

[ ]
° \ °
[ ] [ ]
o )
° \ °
[ ] [ ]
(6) — (4)
which on objects looks like
s — ¢t

(X1, Xo, X3, Xy, X5, Xo) — (X1 ® Xo, X3, X4 ® X5, Xe).

Second « is the unit tree and 3 = p;; is the tree over (m) — (m — 1) joining the ith
and jth inputs. For example,

° ° : \ .
° LN N . (4'7)

In this case the map C™ — C™™=1 can be described as follows: divide C™ in m
blocks of n elements, then multiply componentwise the elements in the ith and jth
blocks to obtain (m — 1) blocks of n elements. Equivalently, we are considering C™ as
an algebra with the pointwise product structure and the map is given by taking the
product of the ith and jth components (C™)™ — (C™)™~1. For the trees in (4.7)
the map is

. °«
. .
. .
(6) = (4)
which on objects looks like
ct—c!

(X15X23X33X43X5?X6) = (Xl & X37X2 ® X43X55X6)'
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4.2 Braided Monoidal Categories as [E;-algebras

Our aim in this section is to use Dunn’s additivity to prove Theorem 0.0.4: Es-algebras on
Cat describe and are described by braided monoidal categories. This result was already stated
by Lurie in [Lur09a, Example 5.1.2.4.], however here we present a detailed proof which can
be generalized to Gray. For convenience of the reader we will briefly define braided monoidal
categories.

Definition 4.2.1. A strict braided monoidal category (C,®, I, o) is a monoidal category
(¢, ®,I) together with a natural transformation o : ® = ®°, where ®? = ® o 7 and 7 is the
flip map, given on components by ocxy = X ® Y = Y ® X, such that the following diagrams
commutes

Xeyez 2% . yveozoX Xeoyez — 227 L 79X0Y
oX,)Y ®id2l %{72 idx@UY,Zl %,Z@Zdy
YOX®Z X®ZQY

Remark 4.2.2. One can also consider non strict braided monoidal categories. The definition
is similar to the one above, however the braiding is required to satisfy a hexagon diagram. The
hexagon arise from adding an associator edge on the vertices of the triangles in Definition 4.2.1.
We consid@ strict version just for convenience, but remark that the proof of Theorem 0.0.4
may be carried to the non strict setting.

Proof of 0.0.4. The proof has two steps:

1. We use Dunn’s additivity to show that an Eg-algebra structure on Cat determines and is
determined by a monoidal category (C,®) such that ® : C x C — C is a monoidal functor
(rierewe take the product monoidal structure ®; on the left). By Dunn’s additivity it is
enough to consider the images in Cat( 1) of the simplices in Ass x Ass described in remark
4.1.11.

2. Show that a ®-monoidal functor ® : C xC — C determines and is determined by a braiding
in (C,®).
Step 1: Let C be the image of the unique object in (Ass x Ass) ).
1. 1-simplices: The possible products of trees of length 1 are

. o T~ - 2%

\ e —— o — CQ ®

— C

— o0 L, ¢

O — c L, ¢

Notice that (2 : (2) — (1) and (3 : (2) — (1) satisfy (1 A (o = {2 A (3, then ® = &' and
I =1I'. Thus 1-simplices define a monoidal product and a unit in C.
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2. 2-simplices: We now consider trees of length 2 and the images are given by triangles. The

(non degenerate) product of trees of length 2 and their images are:

C2
ROX® ®
° ~ [ (] ~_ — 31
ct — C

02
N
. . . V&2
\ ’ \ =
ct — C

[ ] [ ]

Here we used the description of the maps determined by a product of trees as in Remark
4.1.11 to describe the maps C* — C? (see also Example 4.1.3). Since &, &, are invertible
natural transformations, we can invert one of these morphism to get a natural isomorphism
=& ®0(®) = ®o (® x ®). Which on components is given by:

O(X1,Xa| X5, X0) - X1 @ X2 @ X3® Xy = X1 © X3® Xo @ Xy

Product of trees with O-ary operations give compatibility between ¢ and the unitors of ®
and ®o. Keeping track of these structures is cumbersome and will not bring any insight
on the structure of arguments in the future, thus we omit them. This is equivalent to
considering the unitors to be the identity (which is not harmful since we may always
strictify units in monoidal categories).

. 3-simplices: We now consider products of trees of length 3 and the images are given by
filled tetahedra. The possible trees of length 3 and their images are completely described
in Appendix B. In this case there are 12 triangles, and all of them can be arranged into
the diagrams

F30(@XxX®@%X®)
id2x€e7 e

Fs

Bo(®x®)0(®2xid?) / \ Bo(@x@plidix@) (4.8)
51152m AdQX‘@Q

®0®20(®2 Xid?)=@o®20(id* X ®2)
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F30(®3)

Bo@a0(®xid)? / I \ ozl (4.9)
51_ gm %*lduﬂng

®0(®X®)o(idXR)=®o(®X®)o(®Xid)

& N ax@3.6

Where in the last diagram ®; j means the tensor product of the objects in 4, j position. To
get an idea of the significance of these diagrams it is useful to consider them in components.
For example the Diagram 4.8 in components is given by the commutative diagrams

X1 X0 X3X4X5X6

@(Xl,Xz\X37X4)®W W}(@w(){g,xd}fsxs)

X1X3X2X, X5X6 X1 XoX3X5X4Xe —

%O(Xl,xz\x;i@xm {%,&@x@xs,xﬁ)

X1 X3X5 X0 X4 X6

Here we omitted the tensor product ® and use the notation X;Xs instead of X7 ® Xo.
This is exactly the data of exhibiting ® : C' x C' — C' as a ®-monoidal functor. On the
other hand, the trees with 0-ary operations give the conditions

paaxy) =I Edeyinn- []
We remark that in this case the Diagram 4.9 is consequence of Diagram 4.8 and the unit
condition, thus it not relevant (this will not be true in the case of Gray).
Before going into step 2, we record some consequences of the strict unitality constraint:
1. Taking
X=X, Xo=Y, X3=27, Xy=1I1 Xs=1I, Xg=1,
we see that ¢(X,Y|Z,I) ® idw = ¢(X,Y|Z,W). Similarly, o(X,Y|Z,W) = idx ®
oI, XY, Z)
2. Taking
X1=1, Xo=X, Xs=1I, Xy=1I Xs=1I, Xg=1
and using the the property 1 above, we see that ¢(X,Y|I,Z) = idxgyez and similarly
(X, 1Y, Z) = idxgyez-

In the case we did not have strict units similar relations hold replacing identities by unitors.

Step 2: Suppose there is a ®-monoidal functor functor (®,¢), then we claim oxy :=
¢(1,x|v,r) defines a braiding on (C,®). Clearly o defines a natural transformation, naturality
following from that of ¢. The braiding conditions follow from the coherence condition of the
monoidal functor, indeed considering

Xi=1, Xo=X, X3=Y, Xu=1I, Xs=2, X¢=I,
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the coherence condition for a monoidal functor implies

XY®Z

w(LX\YJ)@dZ:"X’Yy W}’I\Z,n:ih@mz

YeX®Z XY ®2Z

‘P(Y,X|Z,I):im PUXIYRZ,)TOX,YRZ

Y®RZ®X
which is exactly one of the braiding triangles. Similarly taking
Xi=1, Xo=X, Xs=1I, Xy=Y Xs=2Z, Xs=1,
one obtains the other braiding triangle.

Now assume there is a braiding oxy : X ® Y = Y ® X on (C,®), then we will prove that
D(X1,Xa]X3,X4) = Wdx; ® 0x, x, ®idx, endows ® with the structure of a ®-monoidal functor.
Indeed, we can decompose the commutative quadrilateral into commutative triangles.

X1 X2 X3X4X5X6
X4y, X3®idx, X5 idx,X3Q0x,,X5

idx3 X, ®Txy, X5 Ty, X3 ®ldx; X,

X1 X3X0 X4 X5X6 X1 X3X0X5X4 X6

1dx,®0 Xy, x5 Qidx,

l

X1 X3 X5 X2 X4 Xg

X1 X0 X3X5X4 X6

1dx3®0x5X,, X5 X4, X3®idxs X,

4.3 The E,-operad Tower and the Stabilization Hypothesis

We come back to study of the operads E,,, for this it is useful to have a nice topological model for
its mapping spaces. A useful model for these spaces is given by configurations spaces. We will
see that many properties of the E, operads can be obtained from the topology of configuration
spaces.

Definition 4.3.1. The ordered configuration space of n distinct points in R% denoted
Conf, (R?) is the subspace of (R?)*" given by

Conf,(RY) = { (z1,...,2,) € (RN | 2; # x; if i # j}.

Proposition 4.3.2. The space Disky(n) = Rect([[,D",D") is homotopy equivalent to
Conf,(R).

Proof. To each rectilinear embedding f(z) = Az + p we can associate its center y € R?, this
defines a projection Rect(D,D?) — Conf; (R?). Since elements in Disky(n) are disjoint rectilinear
embeddings, in particular have different centers, we can extend the previous map to a fibration
Diskg(n) — Conf, (R?). This projection defines a fiber bundle whose fibers are given by (R*)",
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the set of possible radii. Since the fibers are contractible spaces, the desired statement follows.
O

Proposition 4.3.3. The configuration space Conf, (R) is (d—2)-connected, i.e. m,(Conf,(R)) =
Oforl<m<d-2.

Proof. This a consequence of the following 2 facts:

1. The configuration space Confy(R) is homotopic to the sphere S¢~!: Indeed any two dif-
ferent points are determined by the relative position between them. Explicitly we have a
map an homeomorphism

Ty — X2

Confy(R) — R? x §971 x RY, (w1, 22) = (21,21 — 22, =2l

Since both RT and R¢ are contractible, then the claim follows.

2. Let m : Conf,(R?) — Conf, 1(R?) be the projection skipping the ith component
(x1,...,2p) = (x1,..., &, ..., 2y). This projection determines a fiber bundle with fiber
R4\ {(n-1) points}. Moreover since R\ {(n-1) points} retracts to \/,, ; S¢~! we have a
homotopy fiber sequence

\/ §%7! = Conf,(R?) £ Conf, 1 (R?).

n—1
For a proof of this the reader may consult [FN62, Theorem 1] .

Using the long exact sequence in homotopy of the fibrations in 2 we obtain inductively that
7m(Conf, (R)) = 0 for 1 < m < d — 2, where the base case is given by the fact that the sphere
S9=1 is (d — 2)-connected. O

Corollary 4.3.4. The inclusion R — R%*1 into the first d coordinates determines a fibration of
topological spaces Conf,(R?) — Conf, (R%*!). Thus there is a (filtered) sequence of topological
spaces

Conf,(R") —— Conf, (R!) %@fn(RQ) —_— (4.10)
Let Conf,, (Rf*)denote the limit of the sequence (4.10), then Conf, (R*>) is contractible.

Proof. By [Hat05, Proposition 4.67]), the natural map

Fi(dh—r>noo Conf, (R%)) — dli_r)nOo 7;(Conf, (R?)),

for some fixed i € N, is injective if the maps ;41 (Conf,, (R?)) — 7,41 Conf, (R?~1) are surjective
for high enough d. Since ;41 Conf,(R%"!) vanishes for high enough d, we conclude that in the
limit all homotopy groups of Conf,,(R*>°) vanish, i.e Conf,(R*) is contractible. O

Proposition 4.3.5. By taking the product with D' one can define a map between rectilinear
embedding
(f : [ID* = D¥) s (f xidpa : []D*F x D' — DF x DY),

which determines an inclusion of quasioperads E,, — E, ;. Denote by E, the limit of the
sequence of quasioperads

Ey E, E,
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Then the canonical map p : Eoo — N(Fin,) determines an equivalence of quasioperads, where
we consider (N (Fin,),id) as a quasioperad via the identity morphism.

Proof. Notice that for every k > 0 the quasioperad E; and N(Fin,) have the same objects.
Passing to the limits we conclude that the quasicategories Eo, and N(Fin.) have the same
objects. Thus to prove that the map p : E, — N(Fin,) determines an equivalence of quasicat-
egories is enough to prove that the mapping spaces are homotopic. Indeed, by Proposition 4.3.2
we have an homotopy equivalence

Eoo((m), (n)) = lim ]_[ I Rect( J] D* D%

n—)oo
ny 1<j<n o—1(5)

i 11T ot s

¢:(m)—(n) 1<j<n

Moreover, since filtered colimits commute with finite products and coproducts we have an ho-
motopy equivalence

Es((m),(n)) = lim  [[  [] Confs;®R")

n—oo
é:(m)—(n) 1<j<n

= JI ]I Confy-r(y(®R®)
¢:(m)—(n) 1<g<n

~ H * = Fin,((m), (n)),
b:(m)—(n)

where in the last line we made use of Mary 4.34 O

From the proof of Proposition 4.3.5 we see that the quasioperad Eo, & N(Fin,) has con-
tractible spaces of operations. Thus there exist, up to homotopy, ne way of multiplying
n element without considering their order. That is, algebras over the quasioperad N (Fin,) are
homotopy commutative algebras. Moreover, Proposition 4.3.5 gives the intuition for E,-
algebras described in the introduction: E;-algebras describe homotopy associative algebras, on
the other extreme [E,-algebras describe homotopy commutative algebras, and for for 1 < n < oo,
E,-algebras describe algebras with intermediate levels of homotopy commutativity. Before end-
ing this section we will see that if the target symmetric monoidal category is n-coskeletal, then
the algebras E, 1 are already homotopy commutative. The previous important phenomenon is
sometimes-referred as the stabilization hypothesis and was originally proposed by Baez and
Dolan [BN96].

Theorem 4.3.6. Let C be a quasicategory that admits finite products and is equivalent to an
(n,1)-category. Then for k > n the map Ey — E, induces an equivalence of quasicategories

Proof. We will start with an argument that works for a general quasioperad O®. Recall that
by definition of the Cartesian symmetric monoidal structure we have that the Algpe (C*) =
sSets ¥ (O®, C).Morover, since the category C is (n + 1)-coskeletal we have

sSets(0®,C) = sSets(h(,4+1)0%,C)  and sSets™X (0, C) = sSets"™(h,,110%,C).
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Where in the second equality we _used the fact that the com of being a lax Cartesian
structure is given on objects, an objects of O® are the same objects of h, 10%.

We come back to the specific case of E; operads. By 2.4.10 the mapping spaces of h,+1Eg
are (n + 1)-truncated, and by 4.3.3 they are (n 4 2)-connected. Therefore the homotopy groups
of all mapping spaces of Ej vanish. By the same arguments as in 4.3.5 there is an equivalence
of quasicategories h,E; = E, and we conclude

Algg, (C*) = Sets"™ (h, 0%, C) = sSets"™ (B, C) = Algg,, (C).
O

Remark 4.3.7. From the discussions above we can give an informal slogan summarizing Dunn’s
additivity and the stabilization hypothesis: “A compatible homotopy associative algebra struc-
ture on the higher category of E,-algebras adds an additional layer of commutativity, moreover
after adding enough layers of commutativity we obtain a homotopy commutative algebra”. In
the case of monoids, due to the 2-coskeletality of N(Sets) we have a Eqg-algebra is already a com-
mutative monoid. This explains the classical Eckamnn-Hilton argument from a higher category
perspective. Informally we may view the iterated use of Dunn’s additivity to describe higher
E,-algebras as a higher categorical analogue of the Eckmann-Hiltonn argument.

4.4 Description of [£;-algebras on Gray(x3 1 Monoidal 2-Categories

At the enj of chapter 3 we showed that an Ej-algebra on Cat* was the same as a monoidal
category. Now using the same ideas we will prove the generalization to 2-categories, namely
Theorem 0.0.3 stated in the introduction: An E;-algebra on (Gﬂrabyx?)’1 describes and is described
by a monoidal 2-category. We have not defined monoidal 2-categories and we choose no 0
so here, since its long definition will arise naturally from the description presented in the proof.
Therefore we opted for an on the march approach were we will sketch the proof of 0.0.6, and in
doing so we hope the reader may catch the main concepts behind the definition of a monoidal
2-category. For a complete definition of a monoidal bicategory we refer the reader to [SP09,

Appendix C]. ] ]

Proof of theorem 0.0.3: By proposition 4.1.1 an E;-algebra is the@ as an Ass-algebra, thus
we will follow the same argument as in the proof of theorem 0.0.3. In short the idea is to study
the images for most basic n-simplices of the quasioperad Ass, which are given by binary tress
of length n, into the n-simplices of Gray(&l), which are explicitly described in Appendix A.
Moreover, 4-coskeletality of Gray s ;) imply that we should only consider n-simplices for n < 4.
Here we will just give an idea how the images of the simplices can be arranged into the data
and coherence conditions for a monoidal 2-category. The complete description of the data can
be found in Appendix B.

Let B := ¢(e) be the 2-category determined by the image of the only color in Ass.

1. 1-simplices: We consider trees of length 1. The images for these trees determines 2-functors
®:Bx B — Band I:B%— B, which gives a monoidal product and unit. Here B? is the
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2-category with one object and one morphism.

\ o

o ——e B -%,3

2. 2-simplices: The images of trees of length 2 are given by filled triangles, just as in the

proof of theorem 0.0.3.
b /‘Ual\
. >~ —

c? —F C
(o(ee))

Here Fy : C3 — C denotes the image of the unique morphism (n) — (1) in Ass. Similarly
we will define F;, : C™ — C for higher n. Using the 2-cells, that is pseudonatural trans-
formations, and the adjoint equivalence data we can build an associator pseudonatural
transformation o = aa; : ® o (® x id) = @ o (id X ®).

3. 3-simplices: The images of trees of length 3 are given by filled tetrahedra, these are given
by 3-cells between pasting diagrams. An example for such a tetaherdra is:

] c3 c3

° \ ° ®Rxidxid ®Rx1id ®Rxidxid ®Rxid
T~ / \ %alm'd\J

¢ o \ — 4 =m o (2 =Syt c4 — C?

o BN CF% B MQC o

As in the proof of 0.0.3, we can reduce the dimensionality of these pictures by considering
them as 2-cells in the category Gray(B*,B). Using this reduction in dimension we can
arrange the above tetrahedra, which now become squares, into a pentagon diagram. Using
the adjuntion data of the associators we can build modifications I'’s from the Is. We can
compose all the I'’s into a 3-cell, that is a modification, between the associators in the
exterior of the pentagon. This modification is called the pentogonator.
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(((eo)e)e)

= fu
((e0)(ee)) ) 5 ) ((o(ee))e)
=T T2
1 Fy 4
/2 ;x
afaz = T2 N =T oges
(o(o(00))) —zzmr— (s((0)0))

4. 4-simplices: The description of the images of trees of length 4 is given in Appendix B. We
will give the full description of one of them. The first bit of data is a oriented octahedron,
for example for the following length 5 tree the octahedron is given by:

° ° °
AN
° ° e — o
N
° ° o — o — o
(((o(we0))e)e)
c3 c3
Fz xid? ®xid 2 ®xid
=& U m1xid o xid
05 Fyxid <~ a1 02 05 ®><id3 C4 Fsxid 02
=12 < w1 <= p1 <=m
F3 P
F; ® Fs ®
C C
Front Back

The second bit of data for the 4-simplex is a 3-cell between three composable 1-cells in
the ocatehedron, there are 5 of them, each given by skipping one of the vertices. We list
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them here:

C3

C3
Rxidxid ®xid Rxidxid ®xid
J a1 Xid

04 =6 “= o 02 31“11 04 Fyxid 02

\ F?/ \u m /
Fy ® Fy ®
C C

03

03
F3xid? ®xid Fyxid? ®@xid
l} 71 Xid

¢85 ea | a2 FOwm (5 Fyxid— C2

\ F3/ \u w1 /
Fs5 ® Fs ®
C

C

/

04

04
®@xid3 F3xid ®xid3 F3xid
U (51 Xid

cb <= p1 <=m C? =012 los Fyxid s 02

£y Y wy
F5 F3 Fs F3
C C

04

04
®xid3 ®xid ®xid? ®xid
| a1 xid

C® E=m | ea 3 TOus o5 Fyxid? — C3

\ \u m/
Fs5 3 Fs F3
C C

/

E
R

04

04
3 o
®@xid3 ®xid? ®@xid ®xid
U [e%} X id?

O5  «oixid | «arixid (3 FTuxid (5 Fyxid® ——s O3

F3xid Umxid
Fyxid Rxid Fyxid ®Xid
02

02

We can consider each of the 3-cells above as a map between 2-cells in Gray(s 1) (B%, B) given
by the pasting diagrams, for example the last 3-cell above can be considered a diagram

aq Xid

U ' Xid

oy xid? &1 xid

71 Xid
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We omitted many of the data of the diagram inside Gray(371)(85, B), for example we do
not explicitly write the sources and targets of the 1-cells because they can be read from the
pasting diagrams. The last piece of data for the 4-simplex is an equality between pasting
diagrams in Gray(3’1)(85,8) using the previous 2-cells, which should be considered as
cube.

771V K mVTK
~ 1

O111 &1 xid
a1 1 - ‘ O112
- ~ L
aq Xid P1_ arXxid NG P1

. T ©113 - /alxz'd - 771\’l

o Xid
e e

We have colored the faces with two colors: the yellow color represents interior faces and the
purple color exterior faces, the names will become clear soon. Similar to how we arrange
the associators into a pentagon we can arrange the pentagonators into a 3-dimensional
polytope. The polytope is called the 5-Assomhedron and is has 9 faces from which
6 are pentagons and the other 3 are diamonds, and 21 vertices corresponding to all the
possible bracketing of 5 letters. In Figure 4.3 we see how ond of Jthe cube of the example
above fits inside the Associahedron, here the faces the exterior faces make the exterior of
the polytope while the interior faces are inside. In Figure 4.4 we see the full decomposition
of the polytope into the 21 cubes given by all the length 5 trees, properly indexed by the
bracketing they determine. All the exterior faces are arranged in a way such that they de-
scribe pentagonators, an diamonds are build from commutative rectangles. Moreover
the interior faces match each other, implying the exterigrof the polytope commutes. Here
we are using Lemma 2.2.9 to ignore the direction of the pseudonatural transformations
defining the edges of the polytope. In the Figure 4.4 the exterior faces belonging to the
same cube are joined by a red point with three markers, moreover the blue cubes are
associated to the pentogonator ¢d x m, while the purple cubes are associated to 7 X td.
The pink cubes are not associated to any particular pentagonator, instead they are pieces
of the remaining pentagonators; which are of the form 7 o ®; ;, where ®; ; is multiplying
the i, 7 component. The full verification of this facts are given in Appendix B, however we
hope the picture is enough to give the reader enough intuition for the proof.

In summary the images of all the trees of length n < 4 define the following data: an associator,
a pentagonator, and coherence between pentagonators. One can use similar arguments to obtain
unitors, higher unitors and coherence between them. Without going into full detail, the definition
of a monoidal 2-category is given by the previous data and coherence conditions, thus we sketched
a proof that a Ej-algebra on Gray s )) determines a monoidal 2-category. On the other hand
given a monoidal 2-category one can describe a [Ej-algebra where most of the images of the trees
are degenerate cells (i,e. given by identity n-cells) and just some small set (for example just the
~v11’s) of it given by the 2-monoidal category data. O
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Figure 4.3: Example of a cube determined by a length 4 bracketing tree inside the Associahedron.

o((e0)(00))

(e(ee))(00) o((ee)e)e) (o(ee))(o0)

\\;f(..).).)

o((e(00))e)

((ee)e)(o0)
((e@)e)(e0)
o((e(e0))e)

(((eo)e)e)e (e(e(00)))e (((e@)e)e)e (e(e(00)))e

((e0)(e0))e ((e0)(e0))e

Figure 4.4: Decompostion of the Associahedron in cubes given by images of bracketing trees.
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4.5 Eg-aggebras on Gray(x3 it Braided Monoidal 2-categories

In section 4.4, we proved that an Es-algebra on Cat X2,1) describes and is described by braided
monoidal category. Using similar arguments we now study the description of Es-algebras on
(Gray&1 . Again, we have not defined braided monoidal 2-categories and we choose not to it
here. Thus again we opted for an on the march approach, where we p our description of
a [Eq-algebra and at the end arrive to a description which is similar to the definition of braided
monoidal 2-categories in the literature. We will omit many arguments and discussion in this

section since these are similar to the ones in the proof of theorem 0.0.5.

Remark 4.5.1. A wordof caution is needed: The definition of braided monoidal 2-categories has
been presented and modified in different ways in the literature. They were originally introduced
in [KV94al, and later were-medified in [BN96] under the name of semistrict braided monoidal
bicategories. In [Gurll]-a-fully weak version of for braided monoidal bicategories is presented,
together with a coherence result. For a nice survey and comparison between the different models
we refer the reader to [SP09, §2.1, Appendix C]. The description of Eg-algebras on Gray we will
presertisclose to [SD97, Definition 12], where they are referred as braided Gray monoids. This
last definition, agrees with the notion of semistrict braided monoidal 2-category as presented
in [BN96]. We hepe-that replacing the tricategory Gray(&l) by Bicat(z 1) and letting-all-of the
structure to be weak ay be able get a fully weak definition of braided monoidal bicategories
in the style of [SD9 agrees with the fully weak definition ﬁed in [Gurll].

Prooflof Theorem 0.0.6. Again, by Dunn’s additivity, is enough to consider the images in
Gray s 1) of the simplices in Ass x Ass described in remark 4.1.11. As in the proof of Theorem
0.0.3 we will assume the cells arising from 0-ary operations are the identity so we will not
require to consider unitors. Let B be the image of the unique object in (Ass x Ass) ).

1. 1-simplices and 2-simplices: The Image of trees of length 1 and 2 describe the similar data
as in the proof of Theorem 0.0.4: A pair of 2-functors ® : BxB — Band I : x — B, together
with an adjoint equivalence ¢ :=£}& : ® 0 (®2) — ® o (® X ®) given on components by

P(X1,Xa|X3,X4) © @2 ®X3® Xy — X710 X33 X ® Xy

As in the proof of Theorem 0.0.4 we will assume the unitors are strict, thus ¢(x,y|7,5) =

I'=ou1nzw:- ]

2. 3-simplices: Similar as in the proof of Theorem 0.0.4, the images of the trees of length 3
can be arrange into two diagrams:

F30(@X®@X®)

®0(® X ®)o(®2 xid?) T3 1 Feg o 6 T2 ®0(@x®)o(id*x ®2) (4.11)
/3 5 \
£3&2 * id®2><142 =T'q =Ty €28, idz‘d2><®2

®0®20(R2Xid?)=Qo®20(id? X ®2)

86



F30(®3)

£8¢oxid?

;42 .
L Ay id?>x €36

3

Bo@20(@xid)? A Fg 3 1 ft Az ®o®20(idx®)*  (4.12)

4
T As 6
/3 2\
f;szm Ba | = % .
® )

o(®@X®)o(idX®)=Ro(RX®)o(RXid
1 [

By using the adjuntion data on the pseudonatural transformations appearing in the dia-
grams 4.11 and 4.12, we can construct modifications as follows:

X1 XoX3X4X5X6
90(X1,X2|X3,X4>®{W Wﬁipws,xzﬂfs?xs)
X1 X3X2 X4 X5Xg =W(X1,X2|X3,X4|X5,X6) X1 XoX3X5X4 X6 (4.13)
@(XI,X2X3®XW) w?{z@xzﬂfsaxs)
X1 X3 X5 X2 X4 X6
X1 X4 X9 X5X3X¢
‘P(Xl,X2\X4’X5)®W idx; ©X, OP(Xy,X51X3,Xg)
X1 Xo X4 X5X3X6 <=0(x1, X2, X3/ X4,X5,X6) X1 X4 Xo X3 X5 X6 (4.14)
‘P(X1®X21X3Xim P(X1,X20X3]X4,Xe0Xg)
X1 X2 X3X4 X5 X6

The strictness of the unit implies that

I'=wu nixy|zw) = Wy |1z, we) = W yr| 20 WL

and
I'=0uxyir,zw) =00y 11,zwy =0 yr znwe -

. 4-simplices: The description of the images of trees of length 4 is given in Appendix A. The
procedure tp obthin the 4-simplex in Gray from a length 4 tree can be seen in the proof of
Theorem 0.0.5. As in the same proof, the coherence data described by all the 4-simplices
will be efficiently described by a polytope, or a pasting diagram of 2-cells in the bicategory
Gray(B™, B) (for an appropriate m). Here we will present just the polytopes and pasting
diagrams described by the 4-simplices. The verification that all the 4-simplices can be
arranged in to the polytopes presented here is carried in Appendix B. All the data can be
arranged into 3 polytopes:

(a) The first polytope appearing i ube that represents a coherence condition on the
modification w of diagram 4.1
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(13,24/5,6)

13245678

I

12345678

©(5,6/7,8)

13524678

(135,246|7,8)

1(13,24/5,6|7,8)
13572468

°(13,24/57,68)
13245768 ¥(1,2|357,468)

2Uw(1,2(3,4/57,68)

P(1,2(3,4) 12357468

©(3,4/57,68)

12345768

13524768

(13,24/5,6)

13245678

Hw(1,2(3,415,6)

¥(1,2]35,46)

©(135,246|7,8)

13572468

2w(1,2/35,46/7,8)

P(1,2]3,4) 123354678 ©(1,2/357,468)
- 90(3 4/5,6) P (35, 46|7 8)
12345678 3@&)(3 415,6/7,8) 12357468
SOM P (3,4/57,68)
12345768

This conditions exhibits the triple (®, p,w) as ® : Bx B — B as a monoidal 2-functor.

(b) The second polytope is an analogous to 6 of the condition (a) on w.

12356748

1256/ WMAL ,8)

12563748

90(3 714,8)

©(1,52,6)

112

15263748

©(3,7/4,8)

(c) The last polytope has 24 vertices and de
in Figure 4.5.
can also represent the polytope by the pasting diagram
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and 6,

line shown in Figure 4.5;

o~

"0(12,5613,714,8) 12345678
Pz, 56|34 78)
12563478 ©(1,5|234,678)

00(1,52,6/34,78)

¥(1,5[2,6) 15234678

©(2,6|34,78)

15263478

explicitly can be s

12356478

4)0(12756%

12563748 ¥(1,5]

10 (1,5/2,613,7)

$(123,5674,8)

23,67) 12345678

200(1,5/23,67/4.8)

¥(1,52,6) 15236748 ©(1,5/234,678)
¥(2,6/3,7) ¥ (23,67]4,8)
15263748 200(2,6/3,7/4,8) 15234678
P(3,714.8) #(2,6]34,78)

15263478

e cut the polytope

ines a coherence condition between w

through the purple



¥ (45,6|78,9)

¥ (2,3]5,6) ¥ (14,2356|7,89)

142356784 ————————— 142536789 ———————— 147253689

~__ N T

¥(14,2356|7,89) = ¥(2,3]5,6)
P20 b1,234567.89) 147235689 $e(1,2314,56/7.89) TRl
/ \
$(1,23]47,5689) ¥ (5,6/8,9)
/ o \
12345678 — ¢(2,56/7,89) — 123475684 147235869 — ¥(2,3/58,69) — 147258369

10(4,5,6/7.8,9) N e 10(1,2,3|47,68,69)
©(45.6/78.9) ¥(5,6]8,9) ¥ (1,23|47,5869) 0 (1.2147.58)

123457869 ————— 123475869 —————— 124758369

$(4,5|7,8) $(12,3]4578,69)

¥(2,35,6) ¥(14,2356|7,89)

142356784 142536789 147253689

©(1,23]4,56 / \ ©(25,36|8,4
¢ / U9(172,3|47’58769) ©(1,214,5) P(1245,36(78,9) U9(14,25|36,7\58,69) \ o

12345678 — v(23)45,6) — 123475684 b= 147235869 — ¥(14.25/7.8) — 147258369
\ /‘
i}w(12,3l45,6\78,9) ¥ (1245,36|78,9) #(1,2[4,5) UW(172‘475‘7’8)
\ /
124578369

$(1,2]47,58)

s T~

$(12,3|4578,69) - P (4,5|7,8)

/
123457869 —————— 123475869 ————————— 124758369

P (4,5]7,8) $(12,3]4578,69)

This ends the description of the data determined by an Es-algebra on Gray.

We will now discuss our description with the definitions in [SD97, Definition 12]:

1. Our data of w and the coherence determined by (a) is exactly those of w as in [SD97,

Definition 12], the only difference is that our maps have 6 indices instead of 4. However
this is-net-relevant since all of our maps act as the identity on the first and last object.

. In [SD97] the modification 6 is assumed to have fixed form in terms of w. If such form is
assumed, then condition (b) in our definition is a consequence of (a).

. Our Polytope in (c) is related to the second axiom in [SD97, Definition 12]. Indeed we can
recover this axiom by setting X3 = X, X5 =Y, X7 = Z and every other element to be
the identity. At the moment the author has not be able to show the equivalence of both
definitions. It worth mentioning that this-additional axiom was not considered in the first
definition of monoidal bicategory in [KV94a| and was actually a surprise to-realize that it
was necessary for applications of braided monoidal 2-categories (see [Bre94]).

O
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4.6 [Ez-algebras on Gray(x3 it Sylleptic Monoidal 2-categories
’ [ ]

By the stabilization hypothesis the last non-symmetric E,,-algebra structure in (Grmy>§3 1)) we can
consider are Eg algebras. In this section we will give the definition of a sylleptic monoidal
2-category that is mentioned in the statement of conjecture 0.0.7.

Definition 4.6.1. A sylleptic monoidal 2-category is given by:
1. A braided monoidal bicategory (B, ®,0).

2. And a invertible modification v : 0 = ¢°, called a syllepsis, and given in components by

XY
XY bxy Y ®X.
U;’,X
Such that the syllepsis satisfies
YV ©z,x
UY®Z b A
XYZ YZX

XYZ TTVXY@Z YZX

Ux Y®Z
TR (Y]Z,X)
AR(X|Y,Z) oy x®idz  idy®cY
o ®id idy ®oc .
XY z YWOX,z ox,y®idy TTVX,}\ /ﬂl’X,Z idy @0 x,z
YXZ

(]
97.XQY

ch X®Y /\

XYZ TTVX@;Y z ZXY XYZ YZX

U'X®Y Z
NR*(Z,X|Y)
fTR(X,Y|Z) = idx®oy oY (@idy
idx Qo o ®id
XEov.z Xz idx®oy,z TTVx,Z\ /TTVY,Z ox,7zQY
YXZ

The ideas leading to the of 0.0.7 should eralizations of the arguments developed
in the proofs of Theorem 0.0:5 and Theorem 0.0.6. However the tree combinatorics appearing
from using Dunn’s additivity become hard to handle. Due to this, a@ time of writing, the
author has not been able to give a complete proof of conjecture 0.0.7
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4.7 n-Fundamental Groupoids Actions: Braids and Surface
Braids

It is well known that a braided monoidal category admits an action of the braid group. To
end this chapter we will explain this pheno and the associated generalization to higher
(n, 1)-categories from the perspective of Eg-algebras. Suppose C is a (n, 1)-category with finite
products, and let E; — C be a lax Cartesian map determining a Eg-algebra structure on C*.
Since C is an (n, 1)-category Proposition 2.4.10 implies the Eg-algebra structure is equivalent to
a lax Cartesian map from the n-homotopy quasicategory

Moreover, by Proposition 2.4.11 this map induces a map between the Kan complexes
T(En((m), (m'))) = C(C*™,C*™),

where C € Cp is the image of the unique, up to homotopy, object in E,. Restricting to m’ =1,
and to the component above ¢, : (n) — (1) in the decomposition of E, ({m), (1)) we have a map

7 (Conf,, (RF)) — C(C*™, C).

This map can be considered as an action from the homotopy (n — 1)-groupoid of Conf,,(R¥) to
the (n — 1)-category of morphism between the monoidal products C*™ — C determined by the
E,-algebra structure.

Example 4.7.1. Consider the case C = Cat(y ) and k = 2. We have a map
72(Confp (R?)) — Cat(g,1)(C™™, O).

Lets explain in this case how the above map can be seen as an action of the braid group.
Since 72(Conf,,,(R?)) has a unique nontrivial homotopy group in degree 1, then it is homotopy
equivalent to N (m1(Conf,,(R?))): the Eilenberg-Maclane space of the group 7i(Conf,,(R?)).
Moreover, the fundamental group 71 (Conf,,(R?)) is by definition the (unordered) braid group
B,,, thus the above map is homotopy equivalent to a map

N(Bm) — (Cat(zl)(me, C) :

Using the fact that the nerve of categories is fully faithfull (Theorem 2.4.8), then the above map
is equivalent to a functor
By, = Func(C*™, C).

And this is equivalent to an action of B, on the set of natural transformations of ® : C*™ — C.

Example 4.7.2. Consider the case C = Gray(z ) and k = 3. We have a map
3(Conf,, (R?)) — Gray s 1).-

From Theorem Z.Q follows that 73(Conf,,(R?)) is equivalent to the nerve of a bicategory,
in fact it is the nerve of a 2-groupoid which we will denote IT3(Conf,,(R?)). The intuitive
description of ITp(Conf,,(R?)) is as follows: O-cells are configurations of m points in R?, 1-cells
are braids embedded in R3 between m points (which should be thought of as homotopies between
0-cells), and 2-cells are surfaces in R* with boundary given by braids in R? (again these should be

1

thought of as homotopies between 1-cells). In fact in [Guri] building in [CS98], gave a complete
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description of generators and relations of the 2-cells in ITa(Conf,, (R?)) by means of braid movies
and movie moves. Now, using the fact that the nerve of bicategories is fully faithfull (Theorem
2.4.8) the above map is-equivalent to a map of bicategories

IT,(Conf,, (R?)) — 2-Funct(C*™, C),
which by means of [Gurll] can be described by generators are relations.

Remark 4.7.3. Let C be a (n, 1)-quasicategory with finite products. The author hopes that in
order to define a Eg-algebra on C* it should be enough to define an object C € Cy together with
a collection of maps II,,(Conf,,(R¥)) — C(C™, C) such that they preserve the operad structure.
This hope is supported in the fact in the 1-categorical statement, that a map-of-operads is
determined by the map of symmetric sequences between the operation spaces. However, the
author is not aware of a complete developed theory of algebras over quaioperads using symmetric
sequences, although there is some research on this direction (for example [Hau22]). Assuming a
collection of maps IT,,(Conf,,(R¥)) — C(C™, C) determines an E-algebr and assuming there is a
finite CW complex description of IT,,(Conf,, (R¥)) at hand, then it would be possible to construct
Ex-algebras via a family of generators and relation on C(C™,C) satisfying some compatibility
between different m.
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Chapter 5

Outlook: Categorification in
Representation Theory

We end this thesis with a brief survey on the categorification of fundamental representations of
Uy(sl2), and their relationship with E,-algebras on 2-categories. Moreover, we mention future
directions for this work and further connections to topology and TQFTs.

5.1 The Category Fund(U,(sl2))

To begin this chapter, we will briefly introduce the quantum group U, (slz) and its fundamental
representation. We follow the conventions of [Jan96], where the reader can find a deeper ex-
position on the subject. We will always consider the quantum group over the complex numbers C.

Definition 5.1.1. Let ¢ € C with ¢> # 1. The quantized universal enveloping algebra
Uy(sl2), which we will denote for short Uy in this work, is the (unital associative) algebra with
generators F, F, K, K~ and relations

KK '=1=KK,

KE = ¢*FK,
KF = ¢ ?FK,
K—-K!
[ErF} = 1
q—q

The algebra U,(slz) has the structure of a Hopf algebra (see [Jan96, Chapter 3]) with comulti-
plication A : U; = U, ® Uy, counit € : U; — k, and antipode S : U, — Uy given by

AE)=E®1+K®E, AF) =FK '+19F, AK)=K®K;
e(E)=0, e(F)=0, eK)=1;
S(E)=—-K'E, S(F) =-FK, S(K)=K"

If ¢ is an indeterminate, then U, behave much like U(sly), and its representation theory
is analogous to the representation theory of U(sly). For example we can talk about weight
spaces: common A-eigenspaces My C M for the K*’s, where the eigenvalue \ is called the
weight of M. Moreover, finite dimensional simple modules are classified by their highest weight
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which are of the form eq® for fixed € € {£1} and a € Z>o. We call a module with ¢ = 1 of type
(4+1), and with e = —1 of type (-1).

Example 5.1.2. The natural representation V of type (-1) is the two-dimensional U,-
module (over C(q)) with basis v, vy and action

Kuvy=—q 'v1,  Evi=wvy, Fv =0,
Kvg = —quy, FEvy =0, Fuvyg=n;.

Pictorially the representation is given by

E
/\
U1 Vo
K: —qglto s~ -~ O —q
—F

This is a irreducible finite dimensional representation of weight —¢, and its weight spaces are

V_q = C(v1) and V; = C(wp).

Since U, is a Hopf algebra, then its comultiplication A induces a monoidal product on
Rep(Uy). Indeed, for U;j-modules M and N their tensor product M ®@c N (as C-modules) is
endowed with the Uz-module structure defined by: for X € U, the action is

X(m®n):=A(X)- (mn),

where A(X) € U, ® Uy acts by components on M @ N.

Example 5.1.3. Consider the tensor product of the fundamental representation V' ® V. The
action of F' on vy ® vg is given by

F(vo ® o) = F(vg) @ K™Y (vg) + 1(v0) @ F(vg) = —v1 ® ¢ tvg + vp ® 1.

In a similar way, we can compute the action of F, E and K on every basis vector. The whole
representation can be visualized in the following picture

.1 ®uUy

g2 q° ¢

In the above picture the action of F is be denoted by a solid arrow while the action of F
by dashed arrow. The coefficient over the arrow indicate the target should be multiplied by
the given coefficient. Moreover the weight spaces are spanned vectors on the verticals and the
corresponding weight can be read at the bottom. In general it can be proven that V®" has
weights —¢%, —¢?"2,... — ¢”2" and that dim(VE" | 2n-21) = (0)-

95



Definition 5.1.4. The category of fundamental representations Fund(U,(sl)), or just
Fund(U,), is the full subcategory of Req(U,) spanned by the representations V®™ for d > 0.

Remark 5.1.5. We can also define the non-quantized category of fundamental representations
Fund(U(slp)) in a completely analogous way. The examples and the discussions presented in
this section are almost the same as in the non-quantized upon replacing —q by 1.

The braided monoidal structure in Fund(U,(sl;))

It is clear that Fund(U,) is a full monoidal subcategory of U,-mod. In this section We will
discuss the braiding on Uz-mod and restrict our attention to Fund(U,). Let W be a vector
space, denote by 7 : W @ W — W @ W the flip map v ® w — w®v. Let R € W ® W, define
the elements Rjs = R® 1, Ri3 = (id®7)(R® 1), and Ro3 = 1 ® R in W3,

Definition 5.1.6. Let H be a Hopf algebra and R € H ® H. The pair (H, R) is called a
quasitriangular Hopf algebra if R is invertible and if for any a € H it holds that
7(A(a))R = RA(a),
(A®idy)(R) = RisRas, (5.1)
(idg ® A)(R) = RizRya.
\Aifall R the universal R matrix of H.

Considering elements in H®" as maps on itself via left multiplication, then the conditions in
5.1 are given by the diagrams

HoH A HeH
I 7|
HeH A°P(a):=7(A(a)) HeH
HeoHoH A28 b nen HeoHoH 88 beonen
RQB:l@Rl %F(;d@r)(}z@n R”:R@l %3:@;@7)(3@1)
HeHoH [] HoH® H ]

The diagrams in 5.1 resemble the axioms of a braided monoidal category (Definition 4.2.1):
the first diagram is associated to naturality, while the diagrams on the bottom are the compat-
ibility of the braiding. In fact one can prove that To R: H ® H — H ® H is a Hopf algebra
morphism and defines a braiding in the category of finite dimensional H-modules. For proofs of
all these facts we refer the reader to [Kasl12, Chapter VIII]. Our quantum algebra U, does not
have an universal R-matrix per se, nevertheless upon considering the completion of U, there is

an universal R-matrix R € Uq®Uq given by the formal sum

e —1\n
R= quK z (q —q ' ) q—n(n—l)/?F’n ® En’ (52)
=0 [n]y!
KK Au
where ¢" 2 (v®@w) = ¢2 v®w and [n],! is the quantum factorial (see [Kas12]). me that on
a finite dimensional U;-module M just finitely many of the summands in (5.2) S nonzero
operators (since F™ act by zero on a finite dimensional Uj,-modules for n >> 0). Therefore, on
finite dimensional modules R is a well defined U;-module morphism, and the map 7o R defines
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a braiding in Ug-mod. In particular this braiding restricts to Fund(U,) endowing the latter with
the structure of a braided monoidal category.

Example 5.1.7. We will give and example of the braiding acting on V®V the tensor product of
the fundamental representation with itself. Lets order its basis by {v1 ®wv1, vo®u1, v1®vg, vo®v0 },
and calculate the action of R on a basis vector

Ryg@v) =11+ (q—¢ YF@E)(v®v1)=v@vi +(q—¢ ")v1 & vo.

Similarly one can compute the action on the other basis vectors and obtain that the action of
R in V ®V is given by the matrix

q 0 00
0 1 00
R_Oq—q—llo
0 0 qg 0

From the discussion developed on Chapter 4 on the description of E,-algebras on Cat we
can conclude the following:

e The category of fundamental representations of U,(sly) is Ep-algebra on Cat*.

5.2 Categorification of the Fundamental Representations
Let A be a monoidal abelian category, then the Grothendick group of A is
Kc(A) = K(A) @2 C,

where K(A) is the free Z-module generated by the symbols [M], where M is an object of A,
subject to the relations [M] = [M'] + [M"] for all short exact sequences

0->M - M-—>M'"—>D0.

Notice that by definition an exact functor F' : A — A’ of abelian categories defines a linear
map K(F) : Kc(A) — Kc(A’). Now we can give a first idea of what is categorification. By a
categorification of a U;-module M we mean:

1. An abelian category A,

2. exact endofunctors F, F, K+,

3. an isomorphism ¢ : Kc(A) = M, such that under the isomorphism ¢ the morphisms
K(E),K(F),K(K*) act as E,F, K*.

In general categorification is a bigger program in which one hope to upgrade all the structure of an
Ug-module to the categorical level. A bit more precisely, is the construction of categories and 2-
categories with given Grothendieck rings, together with exact functors and short exact sequences
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inducing given morphisms and equations in the desired Grothendieck rings. In the previous
section we introduced the category Fund(U,) and described its structure as a braided monoidal
category. In this section we briefly discuss the categorification for the modules V®. Moreover
we briefly discuss how these fit in a naive 2-categorification of Fund(U,). We use the adjective
naive because a complete categorification requires to upgrade all the data of Fund(U,), like the
action of E, F, K*, their the Hopf algebra structure, the braiding, etc., to the 2-categorical level,
which is beyond the presentation of this work.

Categorification of Fund(sfy)—via'Category O

In this section we will briefly present the categorification of representations in Fund(U (slp)) via
category O, as developed in [BFKO00]. For a general discussion on the structure of category O
we refer the reader to [Humo08]. We will mainly be interested in type A semisimple lie algebras,
thus in what follows g = sl,, for some n € N.

Preliminaries of category O

We will quickly introduce all the notation and necessary facts for the later discussions. To define
category O fix a Cartan and Borel subalgebras h C b C g inducing a Cartan decomposition
g =n_®hdng. If we choose an orthonormal basis {ej,...,e,} of C™, then Cartan and
Borel algebras in sl,, are given by diagonal matrices and upper triangular matrices respectively.
We denote the universal enveloping algebras of the previous lie algebras by U(g), U(h), etc.
Moreover, we denote the center of U(g) by Z(g).

Definition 5.2.1. The BGG category O(g), also referred just as O when g is clear from the
context, is the full subcategory of U(g)-mod given by finitely generated, locally U(n4)-finite,
and h-diagnonalizable modules. We say M is U(ny)-finite if U(ny) - m is finite dimensional for

every m € M, and M is h-diagonalizable if it has a weight space decomposition M = @ M,.
HEDH*

We call a U(g)-module M highest weight with weight X if there exist a vector v € M
with weight A\ such that M is U(n_)-generated by a single element v", and U(n, )v™ = 0; the
vector v is called the maximal weight vector. It is easy to see that highest weight modules
belong to O and that their \-weight space M) is 1-dimensional. In particular Verma modules
M()\) == U(g) ®@y@eyCxare in O. Now O is closed under submodules, quotients, and finite
direct sums (see [Hum08, §1.3]). In consequence the unique simple quotient L(A) of M(\) also
belong to O; in fact every the simple modules in O is isomorphic to some L(A). Even more,
every element in O has a Jordan-Hoélder composition series of finite length with subquotients
L(\), which implies [L(\)] form a basis for the Groethendieck group of O.

Taking a small detour from category @. An algebra homomorphism x : Z(g) — C is called
a central character. It is easy to see that central characters are in correspondence with the
maximal ideals Jy, of Z(g). Recall that the Weyl dot action is defined as w e A = w(A + p) — p)
for w € W and X € h*. The Harish-Chandra isomorphism states that

Z(g) = 5(h)",

where S(p)We—are the invariants of the Weyl dot action on the polynomial algebra S(h) on
h (see [HumO8, §1.9]). By the Harish-Chandra isomorphism it follows that central char-
acters are labeled by the Weyl-dot orbits in . Thus to every A € h there is an associated
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central character x(\) such that xy = Xwex for every w € W, and every character is of this form.

Going back to category O. Let Oy be the full subcategory of O consisting of modules M
such that J; oM =0 for n >> 0. We call the categories O, the blocks of O, in particular we
call Oy the principal block. By usual linear algebra, any module M in O has a generalized
eigenspace decomposition with respect to the action of the center, thus O decomposes as a
direct sum of its blocks O = O,. It is not hard to check that O, is closed under taking quotients
and extensions, thus O, can also be described as the full subcategory of O consisting of the
modules M with the property that all its simple subquotients are isomorphic to L(w e X) for
some w € W. By construction, the simples in Oy are of the form L(w e \) for w € W, thus
{[L(w ® \)]}wew forms a basis of Kc(Oy). Moreover, one can prove that the classes of the
Vermammodules {[M(w e \)]}yew also form a basis of the Grothendieck group (see [Hum08,
§3.11]), called the standard basis.

The construction of the Categorification

Recall that for sl, the Weyl group is isomorphic by S,, and it acts on the Cartan h = C™ by
permutation of the basis vectors {e1,...,e,}. Let A\ € b* be a weight such that its stabilizer is
Sk X Sp_i (for example A\, = e1 + - - - + e;), then we denote

O(n,nfk) 1= Oy,-

The Grothendieck group of O, ,_x) has dimension (}) (the cardinality of S,/(Sk X Sn—k)),
which coincidés with fthe dimension of the k-weight space of V€. Now for \p = e; + --- + e
every weight w- A is of the form afe; +- - - +a¥ey, for a binary sequence (ay, ..., a¥) with exactly
k ones (see [BFKO00]). Therefore there is an isomorphism of vector spaces.

n

n
K¢ (@ On,n—k) = @ Vk®” = V®n7 M(w- M) — Vg & Vag,
k=0 k=0

where {vg, v} are the basis vectors of the fundamental representation of U (sly). We will denote

n
Oy = @ On,nfky
k=0

and refer to it as the categorification of the vector space Vm.

To be completely precise, for the categorifidation ofl the module structure one needs to con-
sider Luztig’s version U(sly) of U(sly), see [BFK00] for details of the definition of U(sly). Here
we only mention that the generators U (sly) are divided powers of E and F (which we will denote
with over dots), with relations adequately normalized, and instead of a unit it has a system of
idempotents 1,, for n € Z which behave projectors onto integral weight spaces. Without worry-
ing to much on the details we can describe the categorification of E, F' and H on O,. A functor
is called projective if it is exact and maps projectives objects to projectives objects. The basic

example of projective functors are translation functors t‘)ﬁf : Oy — O, given by

0% : Pryo (L(p) ® —),
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where Pr) is the projection onto the block Oy and L(u) ® — is the functor given by tensoring
with the finite dimensional representation L(p) for some p dominant integral. In fact every
projective functor is isomorphic to a direct summand of 64 for some A and p (see [BG80]). For
each k define

&= 9,)\\:“ :Okn—k = Okg1n—k-1,

Y VS
Fii=0,"": Opnt = Or—1n—k+1-

Since these functors are exact they induce linear maps on the Grothendieck groups

(& : Kc(Okn—k) = Kc(Okt1n—k—1)s
[Fi] : Kc(Okn—k) = Kc(Ok—1n—k+1)-

Theorem 5.2.2. O, together with £ and F form a categorification of V& as a U (sly)-module.

Proof. This is main theorem of [BFKO00], where the reader may find details of the construction.
O

Example 5.2.3. Let n = 2 so g = slo, then we can either consider £ = 0,1 or 2. For k=0 or
2: we have that —p is a weight fixed by the Weyl dot action, thus Oy ,,—; = O,,_j 1, is generated
by one simple object L(—p) = M(—p). On the other hand, for k¥ = 1: The weight 0 is regular
the stabilizer is trivial, and O has two Verma modules M (0) and M (s e 0). Computing the
action of 6, and 6° , requires more theory from category O than the one we can present here.
In general to compute translation functors on Verma modules one may use [Hum08, Theorem
7.6 and Theorem 7.12], in the case of sly this can be summarized in

0°,M(0) = M(=p), 05" M(s0) = M(~p),

and the fact that 65M (—p) has a Verma flag with composition factors M (0) and M (s e 0) each
appearing once. We can arrange the direct summands of O and the actions of £, F as follows

[M(s ¢ 0)]

020 (911 002

Where we wrote the associated stabilizer of S;, describing the category O,, ,—; on the bottom.

Moreover, the action of [£] is given by solid arrows and the action of [F] by dashed arrows.

We could organize all of the categorifications for V& into a naive 2-categorification of
Fund(U (sl2)), which we will denote O,: 0-cells are given by natural numbers n € N (which should
be considered as associated to O,,), 1-cells are given by projective functors F,"* : O, — O, and
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2-cells are natural isomorphisms of projective functors. In view of the categorification picture,
and since Fund(U (sl2)) is a monoidal category, then we expect the following:

e The 2-category O, can be endowed with the structure of an [E;-algebra on
Gray™.

To consider the categorification of Fund(U,) one need to consider the graded lifts Oy, £ and
F for the categories O and the functors € and F. Intuitively the grading plays the role of ¢ in
the Grothendie¢k Ting. For a in depth discussion of graded lifts and their role in categorification
we refer the reader to [Str05]. Moreover, to categorify the action of the Hecke algebra on
V®" which is intimately related to the braiding, it is necessary to consider derived Zuckerman
functors (see [Str05]). Thus we might need to consider the 2-category Dy(Q,): 0-cells are given
by natural numbers n € N (which should be considered as associated to O,,), 1-cells are given
by derived projective functors DF)" : Dy(O,,) — Dyp(Oy), and 2-cells are natural isomorphisms
of derived projective functors. Again in view of the categorification picture, and since Fund(Uy)
is a braided monoidal category, then we expect the following:

e The 2-category D;(O,) can be endowed with the structure of an Ey-algebra on
Gray™.

It is also possible that in the quasicategory framework it is not necessary to consider derived
categories, but instead work with a truncation of the dg-category of chain complexes in O.

Categorification of Fund(U,) via Geometric Bimodules

We will now discuss the categorification of Fund(sls) based on Khovanov’s arc algebras following
[BS08] and [Kho02]. Khovanov’s arc algebras are finite dimensional graded algebras K, indexed
by n € N, build from the 2-dimensional TQFT associated to the Frobenius algebra C[z]/(z?).
Similarly, geometric bimodules are graded (K, K,,)-bimodules associated to a (n,m)-tangle
diagram and the aforementioned 2-dimensional TQFT. All geometric bimodules organize in
a 2-category denoted Kbim of geometric bimodules: 0-cells are given by natural numbers
n € N (which should be considered as associated to K,-grmod), 2-cells are given by finitely
generated projective graded (K, K;,)-bimodules, and 2-cells are bimodules isomorphisms. This
2-category can be considered an algebraic analogue of graded maximal parabolic category O.
Let us take a moment to explain this statement, for which we will have to discuss in a little
more detail the parabolic category O.

Let S C A be a subset of the simple roots. The subset S determines a parabolic subalgebra
ps containing b with enveloping algebra U(p). The parabolic Weyl group Wy of pg is generated
by so for a € S. Parabolic subalgebras of sl,, are given by block upper triangular matrices,
in particular we denote by pi,—r the parabolic subalgebras of sl, consisting of block upper
triangular matrices with 2-block rows of height k£ and n — k. We remark that the parabolic Weyl
groups for py ,,—j are given by Sy x S,_;. Now, similar to the definition of category O we can
use the Levi decomposition determined by a parabolic subalgebra p C g to define a parabolic
category OF (see [HumO08, Chapter 9]). This is a the full subcategory of O given by U (p)-locally
finite modules. In the case of 2-block rows parabolics of sl,, we will denote by O¥-") := OPk.n—k,
Similar to the case of the categories Oy ,,_j the categories Okn=k have (Z) simple modules. It
is possible to use the category @ OF"~* to categorify Fund(U(sls)), in this case the translation
functors are replaced by (derived) Zuckerman functors for the action of £ and F (see [BFKO00]).
The two descriptions are related-by a Koszul duality between parabolic category O and the
singular blocks of O (see [BGSY6]). Now, with this Koszul duality in mind we can relate O, and
Kbim via the following theorems:

101



Theorem 5.2.4 ([BS11]). There is an equivalence of categories
otin=i) =y g in=0_mod,

such that simples are mapped to simples. In particular, this equivalence restrict to the principal
blocks and summing over all (i,n — i) there is an equivalence

n n
@ (9(()1’"71) = @ K(()Z’nfz)—mod.
=0 i=0

Theorem 5.2.5 ([Wat60]). Let A, B be algebras. To each (A, B)-bimodule R there is an
associated functor
— ® R: B-mod — A-mod, M~ M®®pR

. The following properties hold:

1. If R is a projective and finitely generated (A, B)-bimodule then the functor — ® R is
projective.

2. Every projective functor F' : A-mod — B-mod which preserves limits is equivalent to
— ® R for a projective finitely generated (A, B)-bimodule R.

3. If R, S are (A, B)-bimodules, then
A-mod-B(R,S) 2 Func(— ® R, — ® S),

where the set on the right is the set of natural transformations between the functors —® R
and — ® S.

We remark that Khovanov arc algebras and geometric bimodules come maturally with grad-
ings, implying that the categories K("~")-grmod of graded modules come equipped with a
graded lift of the categories of (ungraded) modules K"~9)-mod (see [BS08] for details). Again
following the categorification intuition we expect the following:

e The 2-category Kbim can be endowed with the structure of an E;-algebra on
Gray*.

PR

Moreover, passing to chain complexes we can consider crossings intangle diagrams, which
are represented by 2-term chain complexes of bimodules (see [Kho02]). Thus to consider an
Es-algebra structure is seem necessary to consider the 2-category Kbim: O-cells are natural
numbers n € N, 1-cells are chain complexes of (K,,, K, )-geometric bimodules, and 2-cells are
isomorphisms of chain complexes.

e The 2-category Kbim can be endowed with the structure of an E,-algebra on
Gray*.

Constructing the E,-algebras structures on the 2-categories presented in this chapter will be
part of a follow up work to this thesis.

At last, we finish this work with a small discussion on how explicit examples of E,,-algebras
on weak n-categories can be applied in low dimensional topology.

102



5.3 Low Dimensional Topology and TQFTs

We end this thesis with and outlook on the connections of this work with TQFTs and mathem-
atical approximations to quantum field theory. In this work we presented just the basic example
of factorization algebras, i.e. E,-algebras. However there are more general factorization algebras
that would allow to better understand the interplay between representation theory and low
dimensional topology from a higher categorical perspective.

There are variations of the E,-operad for each subgroup H C Top(k) := Aut(R¥). These
variations are related to restrictions of tangential structure of R™. For example, E,-operads
studied in this work correspond to the subgroup (e) C Top(k) and to complete framings of TR".
This was a consequence of considering rectilinear embedding as our operation spaces for the
E,-operad. For the subgroup Zy C O(n) C Top(k), given by reflectiens—+the associated operad
has spaces of operations given by SO(n)-embeddings of disks (rectilinear plus we allow rotations
of disks). In the case n = 2 the associated quasioperad is equivalent to Eg x Zg. Similar to the
result presented in this work, but with different techniques, in [WahO01] it is shown that ribbon
categories are equivalent to Eo X Zg-algebras in categories:

On the other hand, Reshetikhin-Turaev in [Tur92] used a dualizable and nondegenerate
version of ribbon categories, called modular categories, as their main input for constructing
invariants of 3-manifolds. The Reshetikhin-Turaev invariants were motivated by the invariants
obtained by Witten through quantum Chern-Simmon theory on 3-mhanifold, and are expected
to be the mathematical formalization of them. Nevertheless, there is not a fully explicit proof
relating both of these invariants. Costello and Gwilliams in [CG21] (chapter 8) construct a
locally constant factorization algebra over R3, i.e. an Es-algebra, for the U(1)-Chern-Simmon
theory on R3. Moreover they show that the homotopy category of (left) modules, which by
Dunn additivity has the structure of an Es-algebra, is equivalent to braided monoidal category
of representations of the quantum group U,(C). This is a first result toward a precise relation-
ship between the invariants of 3-manifolds arising from Chern-Simmon theory with those of
Reshetikhin-Turaev. However, for a general (non abelian) lie group G the construction of the
factorization algebra of observables for the quantum G-Chern-Simmons has not been described
in the literature yet, and there are not concrete results relating the Wilson line operators to the
category Uy(g)-mod.

Moreover, the concrete-relationship between invariants associated to Eg X Zg-algebras (fac-
torization homology [AF15]) and the Reshetikhin-Turaev invariants is not yet completely under-
stood. The author hopes that a description of Reshetikhin-Turaev invariants from the theory
of E,-algebras, and the construction of the quantized G-Chern-Simmons factorization algebra,
would lead to an analogous description of categorified low dimensional manifold invariants arising
from Es X Zo-algebras on bicategories. The author also hopes that interesting examples of the
latter [E,-algebras on bicategories should arise from categorification in representation theory.
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Chapter 6

Appendix A
]

This Appendix contains the geometric description of the nerve of a tricategory as defined in
Definition 2.3.7. We will make use of the pictures in [ner| and would like to thank the person
who typed them. In the PDF version of this thesis the reader may feel free to zoom the pictures
as needed, however we are afraid that mrthe printed version of this work many of the details and
data in the figures will not be appreciated. Therefore we suggest to the reader with a printed
version to look at the diagrams in [ner], or asking the author for the PDF version of the present
work. We also remark that!there is a slight change of notation in this appendix with respect to
the main body of this thesis, this was made in order to match with the notation of this appendix
with the notation in [ner].

The geometric Description of N3(7):

The geometric picture for the first simplices of the nerve of a tricategory:

1. For n = 0: The 0O-simplices are determined by just one object Ag, and can be visualized
as points.

2. For n = 1: The 1-simplices are determined by a 1-cell fy; : Ag — Aj, and can be visualised
as lines.

3. For n = 2: The 2-simplices can be visualized as diagrams

4. For n = 3 : The 3-simplices can be visualized as filled tetahedra. This can be efficiently
written as a pasting diagram

Ay

Ay
N e
4 6012

Ay <06013] <6123 Ay ZTois Ag ————— Ao

foz2
\ flfj/ \1} @023/
fos f23 fos fa3
A3 A3
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5. For n > 4: Due to dimensional reasons these simplices do not have anymore an easJ:|
geometric description. However, they can be described by the following data:

(a) An octahedron with 2-cells between any two composable 1-cells. In Figure 6.1 we
gi 3 dimensional representation of such octahedrogether the planar views of
its front and back.

(b) A filled edron for every three composable 1-cells, which are pictured in Figure
6.2. We can consider each of the 3-cells in Figure 6.2 as 2-cells in the hom bicategory
between the initial vertex and final vertex of the tetrahedron. This is also done in
Figure 6.2 w we omitted the information of the vertices because they can be read
from the pa diagrams of the tetahedra.

(c) At last we have a coherence condition between the 3-cells from (b) which is depicted
in Figure 6.3. In this picture the coherence is both considered as a maps of filled
tetrahedra and as a pasting diagram in the bicategory T (Ag, A4).
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Ao A

4 0023

foz2 23 foz2 f23
< Oo12 { 0123
fos
< 0024
< 0234
Ao fos As Ao fo1 0013 A f13 As
= Oo1s f1a
faa <0034 10 <134
124
foa f3a foa faa
Ay Ay

Figure 6.1: 1-cell and 2-cell data of a 4-simplex of N3(7") as an octahedron, together with its
front and back view.
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f12 fo3 fi2 fo3
{ 0123
Aq < 0124 < 0234 As =T1234 Aq fi3 As
1 6134
faa
f1a faa f1a f3a
Ay Ay
0123
T
0234 fTazae 0034
0124
ii.
A Aa
foz2 f23 foz2 fo3
{ o023
Ag <= 0o24| <= 6234 As =To234 Ay fos As
{ o34
faa
foa f3a foa f3a
Ay Ay
0023
T
. 10234 Oosa
0024
1ii.
Ay Ay
fo1 f13 fo1 fi3
{ o013
Ag < Op14| < 0134 As =To134 Ay fos Asg
{ Oo34
f1a
foa f3a foa f3a
Ay Ay
0013
T
0134 fTo1ae 0024
Bo14
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v.

Ay Ay
fo1 fi2 fo1 fi2
{ G012
Ay < Op14| < 0124 Ay STo124 Ay foz2 As
{ Bo24
f1a
foa foa foa foa
Ay Ay
Oo12
0194 Ml o124 023
0014
V.
Ay Ay
fo1 f12 fo1 fi2
4 Oo12
Ag < 0o13| < 0123 Ay = To234 Ap foz2 As
{ o023
fis
foa fo3 foa fo3
As A3
Oo12
0193 0234 0134
fo13

Figure 6.2: 3-cell data of a 4-simplex of N3(7) as filled tetahedra and as 2-cells in some hom

bicategories.
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idgy,, * 1234 idgys, * To123

/

To134 * idg,,, 5

023 0034 023 m
) T'oozs

0o

/
\

9234 9024

9012 9014 9012 /' \

) o124 T 0193 0134

/ " T

/
\

112

Bo12 1234

0234 0124 0234 %

13
st Dor2s 2 D134

9014

Figure 6.3: Coherence condition for the 3-cell data of a 4-simplex in N3(7). As a diagram of

tetahedra and as a pasting diagram of 2-cells in the bicategory T (Ao, A4).
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Chapter 7

Appendix B
1 1 1]

This appendix contains the explicit verification that the images of the trees appearing in the
proofs of Theorem 0.0.4, Theorem 0.0.5 and Theorem 0.0.6 are the indeed the polytopes de-
scribed in these proofs. These are given by figures relation each possible nondegenerate simples
in Ass or Ass x Ass in degree less or equal to 4. In the PDF version of this thesis the reader
may feel free to zoom the pictures as needed, however we are afraid that in the printed version
of this work many of the details and data in the figures will not be appreciated. Therefore we
either suggest to the reader with a printed version to ask the author for the PDF version of the
present work. Before presenting the computations we explain the notations used in the below
pictures.

e Recall that each nondegene ree of length 4 give rise to a cube in the bicategory of
pseudofunctors from B° to m the proof of Theorem 0.0.5)
As explained in theorem 0.0.5, each nondegenerate tree of length 4 give rise to a%lin
the bicategory of pseudofunctors from B to B (see the proof of Theorem 0.0.5). These
cubes have internal and external faces. We want to check that the external faces match the
necessary morphism to define the coherence conditions on each of the theorems. While the
internal faces should face each other, in order to conclude that the external faces indeed
describe a equality of pasting diagrams. In the below pictures the internal faces are colored
in yellow, and the pairs of faces that face each other are and numbered in orange. The
above calculation check that indeed the internal faces match in the coherent way that
allows to conclude the desired commutativity in each case.

e For the reader interested in checking, or repeating, the calculations we add the following
example which graphically explains the relationship between the faces maps of the 4-
simplices in the quasioperad Ass (which are represented by trees of length 4) and the faces
of the 4-simplices in Gray.
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Thus to read the 2-morphism on the cube associated to the 4-simplex in Gray it is enough
to read the length 3 trees given by the faces of the 4-simplex, which should have been
already assigned in the description of the map Ass — Gray on 3-simplices.

e There exist cases where the same edge of a polytope may be represented by more than one
tree. In these cases the cube given in the decomposition of the polytopes below are made
from smaller cubes pasted together. We colored the faces of the these smaller cubes in a
red /dark-orange color and numbered the corresponding pairs in red. Knowing how faces
match to each other allows the reader to figure how the smaller cubes build into the cube
appearing in the figures.

E;-algebras in Gray ]

In the proof of Theorem 0.0.5 we gave an intuition of the decomposition of the 4-Associahedron
in term of the simplicices arising from nondegenerate trees of length 4. Below we present for
each length 4 tree the corresponding pasting diagram representing its image in Gray and verify
they match together as the 4-associahedron.

E,-algebras in Cat and GrE ]

In the proofs of Theorem and 0.0.4 and Theorem 0.0.6 we presented the diagrams and polytopes
decomposition that gave the description of Eg-algebras on Cat and Gray. Here to each non-
degenerate tree of lengths 3 and 4 we show the corresponding pasting diagram and verify they
match together in the polytopes of Chapter 4. Moreover, to corresponding morphism
from a product of trees we used the discussion in Remark 4.1.11 in the main body of the work.
In the case of Ey-algebras on Cat we need to truncate the morphisms appearing in the below
picture to arrive at our description, i.e. we consider the modifications I'’s and A’s in the below
pictures to be equalities.
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Chapter 8

Appendix C

This Appendix is devoted to the description of Carte@ymmetric monoid@icategorie&
Most of the material in this appendix can be found in [Lur09b, §2.4]. The main goal of this
Appendix is to give detailed proofs of Proposition 3.3.6 and Proposition 4.1.10 used in the main
body of this thesis.

[ ] [ ]

Kan Extensions

The proofs of Proposition 3.3.6 and Proposition 4.1.10 will use the concept of Kan extension in
quasicategories, here we introduce them and describe their main properties. The reader already
familiar with Kan extensions may skip this subsection. Let C be a quasicategory, and let C° be
a full subquasicategory. If C' € Cy is an object we will denote by Cg / the fullsubquasicategory

of C¢y spanned by the 1-simplices C' — C’ where C' € co.

Definition 8.0.1. Let C be a quasicategory and let C° be a full subquasicategory. And let the
following be a commutative diagram of simplicial sets

o oy p
| &
C
For every ¢ € C the functor F' determines a composition Cg ;= Ccy — Dr(c)/» which can be

considered as a map A° x Cg — D extending F¢ : Cg/ — D. We will say that I’ is a Kan
extension at C if the induced diagram

Cg/LD

| A

AO*Cg/

is a limit diagram, that is F'(C) is a limit of F. We say F' is a Kan extension if it is a Kan
extension at C' for every C' € C.

Proposition 8.0.2. In the setup of Definition 8.0.@15 a right Kan extension of F|eo at C
for every C € CO.

Proof. See [Lur09a, Remark 4.3.2.3.] O
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Proposition 8.0.3. In the setup of Definition 8.0.1: If C' and C’ are equivalent objects in C,
then F' is a right Kan extension of F|qo at C if and only if it is a right Kan extension an C'.

Proof. See [Lur09b, Lemma 4.3.2.5.]. O
Proposition 8.0.4. Let C be a quasicategory, and let C° be a full subquasicategory.

e Let Kan(C, D) C sSets(C,D) be the fullsubquasicategory spanned by the simplicial sets
maps F : C — D that are right Kan extensions of F|co : C° — D.

e Let PreKan(C%, D) C sSets(C’, D) be the fullsubquasicategory spanned by the simplicial
sets maps F : CO — D such that for each object C' € Cy the induced diagram C?C — D has
a limit.

Then the restriction C° — C induces an equivalence of categories
Kan(C, D) — PreKan(C°, D).

Proof. See [Lur09b, Proposition 4.3.2.15] O

Symmetric Monoidal Cartesian Quasicategories

Definition 8.0.5. The category Fin is the category with:

1. Objects given by tuples ((n),S), where (n) is an object of Fin, and S C (n)°, where

(n)° = (n) \ {x}.

2. Morphisms from ((n), S) — ((m), S") are given by a map « : (n) — (m) such that a=15’ C
S.

Remark 8.0.6.

e There is a Cartesian fibration U : Fin} — Fin, defined on objects by ({(n),S) — (n)
and on morphism by «a +— a. The Cartesian lifts can be described as follows: for every
a: (n) = (m) and S C (m)°, there is a Cartesian lift determined by o' : ((n),a'5) —

((m), S).

e Moreover, there is a canonical section s : Fin, — Fin} given on objects by (n) — ({n), (n)°)
and on morphisms by a +— .

Let C be a quasicategory, then we define C! to be simplicial set over N (Fin,) by the property

sSets v (rin, ) (K, CMy = sSets(K X N(Fin,) N (Finy),C).
Remark 8.0.7.
e For ever simplicial set K the section s : Fin, — Fin) induces a map of sets
sSets(K X n(pin,) N(Fin),C) — sSets(K X y(pin,) N (Fin),C),

which by the Yoneda lemma induces a map of simplicial sets 7 : C'T — C.

e The fact that all-the- above simplicial sets are quasicategories is nontrivial and is con-
sequence of [Lur09b, Corollary 3.2.2.12]
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We can characterize the 0-simplices and 1-simplices of C* in the following way. Let ¢ = 0,1
and let A’ — N(Fin,) be an i-simplex over N (Fin,). By definition we have

sSet v (pin,) (A%, C™) 2 sSet(A” X y(pin,) N(Fin)),C).
Since the nerve functor preserve colimits and is fully faithful we have
A" X N (i) N(Fin)) = N(A" xpin, Fin)).
Thus ‘ '
sSet n(rin.) (A", C') = sSet (N (A X N (Fin,) Fing),C).

Note that the argument works just for i« = 0,1 since these are the dimension in which A’ is
equivalent to the nerve of a category. A detailed description of the i-simplices follows from
characterizing of the categories A’ Xy, Fin.

Lemma 8.0.8.

1. Let P, be the category whose objects are subsets of (n)°, and with morphims I — J if and
only if J C I. Then the O-simplices of C'! over N (Fin,) correspond to maps of simplicial
sets N(P,) — C for some n € N.

2. Let A! — Fin, be a map of simplicial sets determined by a map « : (n) — (m) in
Fin.. Let P, be the category whose objects are subsets of (m)°, and with morphism
((n), 8") — ((m), S) with S’ C a~1S. Then the 1-simplices of C'! over N(Fin,) correspond
to maps of simplicial sets N(P,) — C for some n € N. In particular, for every morphism
in P, there is an induced 1-simplex in C.

Proof.

1. Let A? — Fin, be a map of simplicial sets determined by the object (n) in Fin,. It easy to
see that A xpi,, FinX and P, are equivalent categories, therefore we conclude the desired
result.

2. It easy to see that A xpy,, FinX and P, are equivalent categories, therefore we conclude
the desired result.

O

Definition 8.0.9. Let C be a quasicategory with finite limits. The symmetric monoidal
Cartesian quasicategory C* is the full subquasicategory of C!! spanned by the objects cor-
responding to functors F' : N(P,,) — C such that

[I£0;: F(S) = F{3})
is an equivalence. Here p; denotes the unique morphism in Pg determined by the inclusion
{j}c s
Proposition 8.0.10.

1. The projection p : C* — N(Fin,) is a coCartesian fibration, i.e. C* is a symmetric
monoidal quasicategory.

2. A l-simplex F over « : (n) — (m) is coCartesian in C* if and only if, for every S C (m)°
the induced 1-sim ((n),a=18) — F({m),S) is an equivalence in C. Here induced
refers to Lemma 8.0787
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3. The map 7 : C* — C induced by the section s : Fin, — Fin is a Lax Cartesian morphism.
Proof. See [Lur09a, Proposition 2.4.1.5]. O
We can now state the two main proposition of this appendix:

Proposition 8.0.11. Let O® be an quasioperad and D a quasicategory with finite products.
The composition with 7 : C* — C induces an equivalence of categories

7 Algps (CX) — sSets™™ (0%, C).

Proposition 8.0.12. Let O%® and O’ ® be an quasioperads and D a quasicategory with finite
products. The composition with 7 : C* — C induces an equivalence of categories

1

] BiFunc(O®, 0'®; C*) = sSets® (0% G

The reminder of thi@dix is devoted to the proofs of Proposition 8.0.11 and Proposition
8.0.12. The argument presented here was originally given in [Lur09b, Proposition 2.4.1.7] as a
proof of Proposition 8.0.11. We write it E{i_a'gain for two reasons: first for the convenience
of the reader; second, and most importantly, to make clear the required modifications of the
argument for the proof of Proposition 8.0.12.

Lemma 8.0.13. Let C° C C be a full subquasicategory and let C' € Cy be an object. Assume
that Cc/ has an initial object 7 : €' — I, where the vertex I is an object of C°. Then any map of
simplicial sets F© : C° — D admits a right Kan extension at C',and an arbitrary map of simplicial
sets F': C — Dlis-aright Kan extension of F|co at C, if and only if F(n) is a equivalence in D.

Proof. By [Rez21, Proposition 33.8] the edge n : C —rfis]jan equivalence in C. By 8.0.2
every map of simplicial sets F° : C° — D admits a right Kan extension at I (since I € CY).
Then the statement follows follows from Proposition 8.0.3 and the fact that n : C — I is an
equivalence. O

L1

Proof of Proposition 8.0.11

In what follows we will consider O% as a full subquasicategory of O% X (g, ) N (Fin)) spanned
by the objects of the form (C, (n)°) for C € (92%. ]

Lemma 8.0.14. With the assumptions of Proposition 8.0.11. Let (C,S) be an object of
O% X N(Fin,) FinY, thus C € (’)‘a> and S C (n)°. Let a : (n) — (S) be the map defined

by
L )g ifjes
alj) = * otherwise,
and let C — C" and (a~1S) — S be (co)Cartesian lifts of @ in O® and Fin)* respectively. Then
the induced 1-simplex @ : (C, S) — (€', S) is an initial object of (O% X (pin,) Fin))(c,sy/, where
(C’,S) is an object of O% (since C’ is an object of O(%)).

Proof. First of all is not hard to see that & is an initial object in the category Finf«n),s) /-
Indeed, for another object n : ((n),S) — ({m),S’) in Fing ) ), there exist a unique map
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5 :a — 1 given by
@ o s(j) = n(j), for j € S C (n).
L

By 2-coskeletality of the nerve of a category, it easy to see that this implies that « is also an
initial object in N((Flnf)(<n>75)/) = N(Flnf)(<n>75)/

Now, unrolling definitions we see that an object f in (O® X N (Fin,) Fin:)(c’s)/ is initial if
there exists a lift for every diagram

f

T

AO * AO —_— AO * A" —— O® XN(Fin*) N(Fll’l:)

AP % A™
which using the facts that A2 x A? = A1 and A« A" = AS“H is equivalent to

f

/_\

AOD 5 AR —— 0% X y(pin,) N(Fin))

! e
An

By the universal property of the pullback it is enough to exhibit compatible lifts for the
quasicategories O%® and N(Fin)). Now the desired lifting property follows from the fact that o
is initial N(Fin})/(n),s) and that @ is and that p-cocartesian edge in O® over a. O

Corollary 8.0.15. Every simplicial sets map F° : O® — C admits a right Kan extension to

0% Xpi, FinZ, and an arbitrary simplicial sets map F : O% xgy,, Fin} — C is a right Kanlzl

extension of F|pe if and only if F(&) is an equiva@)r every @ as @ in Lemma 8.0.14
Proof. This follows immediately from Lemma 8.0.13 and Lemma 8.0.14. O

Lemma 8.0.16. Define Kan'(O®,C*) as the subset of sSets(O® X y(pin,) N(Fin)),C) with the
properties:

i) For every object C' € (O%)y, and every subset S C (n)°, there is an equivalence
[1ri: F(C.8) = [ F(C D,
jES
in the quasicategory C.

ii) For every inert morphisms (ps) : C — C’ in O% covering («) : (n) — (m) and every
S C (m)°, then the induced map F(C,a~1S) — F(C’,S) is an equivalence.

nd define Kan , as the subset of s>ets X N(Fin in; ),C) with the properties:
And define Kan"**(O%,C*) as the subset of sSets(O® X y(rin,) N (Fin)),C) with th i
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a) The restriction F|pe : O — C is a Lax Cartesian map
b) F is a right Kan extension of F|ps. |:|
Then Kan'(O®,C*) = Kan™(0%,C*).

Proof. The equivalence between conditions ii) and b) is given by Corollary 8.0.15. Now, by
definition of the embedding O — O% X y(gin,) N(Fin}) and the definition of Lax Cartesian
map, we have that explicitly condition a) is given by the following:

e Let C be an object of O%w and choose coCartesian lifts p!(n b C — C; of the maps
P,y : (n) — (1), then the induced map Hp'(n " F(C,(n)) — [[F(Ci,{1}°) is an
equivalence.

We see immediately that condition a) is equivalent to condition 1). O

We are now ready to prove Proposition 8.0.11.

Proof of Proposition 8.0.11. Let F : O® — C* be a map of simplicial sets over N(Fin,). By
definition this map is represented by a map F : O% x O'® x N(Finy) N(Fing) — C. Moreover

7*F is given by the restriction

O® XN(F'm ) N FlIl

Recall that Algye(C*) is spanned by those simplicial sets maps O® — C* over N(Fin,) pre-
serving inert morphisms. By definition of C* and property 2 of Proposition 8.0.10, we have
that

[ 1 Algpe(C*) = Kan'(0%,C%).

Recall that Prm 8.0.4 states there is an equivalence of quasicategories between t%l
that are Kan e s and those maps that have a colimit. Now by Proposition 8.0.4, together
with Lemma 8.0.16, we have an equivalence of quasicategories

Kan’@@) *) = Kan'™(0%,€*) = PreKan'™ (0%, C). (8.1)

At last, by Corollary 8.0.15 every functor can be extended to @an extension, W@hplies
PreKan(O%,C) = sSets(O®,C) (where we are using the notationlof Proposition 8.0.4). Therefore
PreKan"(0®,C) = sSets*™(O®, C), which together with 8.1 concludes the proof. O

Proof of Proposition 8.0.12

In what follows we will consider O xO'® as a full subquasicategory of (0% x O"®) X y(pip,) N(Fin))
spanned by the objects of the form (C, D; (nm)°) for C' € Of% and D € 02;8;1)' For subsets
R C (n)° and R’ C (m)° we define the subset R’ C R defined by (a A 8)~({|R||R|)°), where

a(j)_{j ifj€R W)_{i ific R

* otherwise, * otherwise.
For example let R = {1,2} C (3)° and R’ = {1,3} C (3)°, then we have RAR' = {1,2,7,8} and
R'ANR=1{1,3,4,6}.
125



[ ]

Lemma 8.0.17. With the assumptions of Proposition 8.0.12. Let (C,D,S) be an object of
0% x 0% X n(pin,) Fin), where C' € O%W D e O%w and S C (nn/)°. Let R C (n)° and
R’ C (n') be the biggest subsets such that RA R’ C S. Define o : (n) — (R) and (3 : (n/) — (R')

by
. j iftjeR , i ifieR
« == 1) =
U) {* otherwise, @) {* otherwise,
let C — ¢’ and (o 'R) — R and (B7'R’) — R’ be (co)Cartesian lifts of o and 3 in O® and
O'® respectively. Then the induced 1—sim : (C,D,S) = (C',D', RN R') is an initial
object of (0% x O"® X y(pin.) Fin)c,p,s)/, where (C’, D', R A R') is an object of O% x O'® .

Proof. Following the same reasoning of 8.0.14 it is enough to proof that m is an initial object
of the subcategory of iFin*x)((nn/%S)/ that projects via p : Fin} x Fin} — Fin, x Fin, — Fin,
to Fin /. It ig not hhrd to see that this subcategory is the full category spanned by objects
of the form ({(nn’),S) UALN ((mm/),S") for n : (n) — (m) and ¢ : (n’) — (m’). We remark
that in Lemma 8.0.14 we did not require to consider any subcategory, because in that case the
subcategory in consideration was the whole category (Finy")((ny.s),-

Now for any, ¢ A : ((nn/),S) — ((mm/), ') in Fin we have that (n A )~ 1(S") € S and
is of the form T'A T’ for some T C (n) and 7" C (n'), thus by definition of R A R’ we must have
that (¢ A1p)~1(S") € RAR'. This implies ((RAR'), RAR') is an initial object in (Fin.)((mn,s)/5
and the explicit morphism is given by

((nn'),S) —*—= ((RAR'),RAR')

nl T s(j) =n A(y), for j € RR' C (nn').

O

Corollary 8.0.18. Every simplicial sets map F° : O% x 0'® — C admits a right Kan extension
to O%® x O'® xpi,, FinX. and an arbitrary simplicial sets map F : O® x O'® xpy,, Fin — C is
a right Kan extensiorﬂ;ﬁ;‘bégxo@ if and only if F' (oz//—\\ﬁ) is an equivalence for every m as
defined in Lemma 8.0.17 ] ]

Proof. This follows imm@ from Lemma 8.@d Lemma 8.0.17. O

[ Givkn the Lemma 8.0.17 and Corollary 8.0.18 the argument omroof for Proposition
8.0.11 can be repeated mutatis mutandis to prove Proposition 8.0.12. We sketch the argument
for completeness.

Lemma 8.0.19. Define BiKan'(O®, 0’ : C) as the subset of sSets(O® x O'® X y(pjp,,) N(Fin}),C)
with the properties:

i) For every pair of objects (C, D) € (0% x O'®)y,, and every subset S C (n)°, there is an
equivalence

Hpi : F(C,D;S) — HF(C,D;{j}),
jes

in the quasicategory C.
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ii) For every pair of inert morphisms (¢q,%3): (C,D) — (C',D’) in 0% x O'® covering
(A B): (nm) — (n'm') and every S C (n'm/)°, the induced map F(C, D; (a A B)~1S) — F(C', D'; S)
is an equivalence.

And define BiKan™*(0%,0'®;C) as the subset of sSets(O® x O'® X y(pin,) N(Fin)),C) with
the properties:

a) The restriction F|pey oo is a Lax Cartesian bifunctor.

.

Then BiKan'(0O®,0'® : ) = BiKan®* (0%, 0'®; C)

b) F is a right Kan extension of F|

Proof. Similar to the proof of Lemma 8.0.16. O

Proof of Proposition 8.0.12. Recall that BiFunc(O® (0>, 0"%;C*) isl;led by those simplicial
sets maps O% x O'® — C* over N(Fin,) such that pairs of inert morphisms are mapped to inert
morphisms. By definition of C* and property 2 of Proposition 8.0.10, we have that

BiFunc(0%,C*) = BiKan' (0%, 0’@

Then, the same arguments as in the proof of Proposition 8.0.11 gives an equivalence of quasic-
ategories

mn’(0®70’® . €) = BiKan"™ (0%, 0'®;C) — PreKan"™ (0% x 0'®,().

and by 8.0.18 we have that PreKan**(0O® x 0'® C) = sSets®'*(0®, (), which concludes the
proof. O
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